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Abstract 

In this paper we construct a model for the homotopy theory of quasi- 
unital oo-categories and show that it is equivalent to the homotopy the- 
ory of (unital) oo-categories. This means that the unitary structure of 
oo-categories is essentially determined by the underlying non-unital struc- 
ture. Our main motivation for developing this theory is an application to 
the proof of the cobordism hypothesis in dimension 1, which is described 
in [Har] . 
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1 Introduction 

The notion of a category has a non-unital analogue, in which one does not 
require the existence of identity morphisms. Such objects are called non-unital 
categories. Using a natural notion of a functor between non-unital categories 
one can construct the category Cat"" of (small) non-unital categories. 
We have a natural functor 

J : Cat — > Cat™ 

given by forgetting the identity morphisms. However, this functor does not 
forget much: given a non-unital category C, one can easily ascertain weather it 
is in the image of 3^ by checking that each object admits a neutral endomorphism. 
If indeed this is the case then 6 can be promoted to a (unital) category in a 
unique way. Note that every isomorphism of non-unital categories is in the 
image of J' and so the functor 3^ induces an injective map on isomorphism 
types. 

Similarly, it is easy to check when a functor / : 3^(6) — > 3^{T)) of non-unital 
categories comes from a true functor C — > D of categories. One just needs 
to verify that / maps neutral morphisms to neutral morphisms. Furthermore, 
in this case / comes from a unique functor C — > D, i.e. the functor 3" is 
faithful. In particular, no information is lost by regarding an ordinary 
category as a non-unital category: everything can be recovered by locating the 
neutral morphisms. 

The goal of this paper is to obtain a generalization of this observation to 
the setting of oo-categories (here we use this term in a loose sense, without 
committing to a specific model yet). In that case the notion of units includes 
much more structure - one does not only have for each object X an identity 
morphism Ix '■ X — > X, but also homotopies of the form Ix ° f ''^ f ^ 3S well 
as suitable coherence homotopies. Similarly, a functor between oo-categories 
carries a bundle of extra information specifying the way it interacts with the 
unital structure. 

In some situations there are no canonical candidates for the exact objects 
Ix or for these additional homotopies. A typical kind of example where this can 
happen is when we are trying to describe an oo-category in which the mapping 
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spaces appear naturally as classifying spaces of oo-groupoids. A motivating 
example for us are the cobordism c«-categories. 

Suppose that we want to describe the oo-category whose objects are closed 
{n — l)-manifolds and morphisms are cobordisms between them. Since cobor- 
disms have their own automorphisms (boundary respecting diffeomorphisms) 
we can't simply take them as a set, but rather as the space classifying the 
corresponding oo-groupoid. Gluing of cobordisms induces a weak composition 
operation on these classifying spaces. 

Now given a manifold M there will certainly be an equivalence class of cobor- 
disms M — > M which are candidates for being the "identity" - all cobordisms 
which are diffeomorphic to M x /. However it is a bit unnatural to choose any 
specific one of them. Note that even if we choose a specific identity cobor- 
dism M X / we will still have to arbitrarily choose diffeomorphisms of the form 
[M X /] Y[m W = W ioT each cobordism W out of M as well as various other 
coherence homotopies. 

These choice problems can be overcome in various ways, some more ad-hoc 
then others, and in the end a unital structure can be obtained (see |Lur3| §2.2 for 
more details). However, there is great convenience in not having to specify 
this structure. For example, it can be very useful to know that the unital 
structure (for both oo-categories and functors) can be uniquely recovered once 
certain conditions are met. Informally, one can phrase the following natural 
questions: 

1. Given a non- unital associative composition rule - when does a unital struc- 
ture exist? 

2. If a unital structure exists, is it essentially determined by the non-unital 
structure? 

In order to answer such questions one should start by formalizing what 
exactly a non-unital c>o-category is. To allow for a more simple discussion in 
the introduction let us consider the more rigid case of topological categories 
(i.e. categories enriched in simplicial sets such that each mapping space is Kan). 
In this case it is clear what the non-unital analogue will be. A non-unital 
topological category C consists of 

1. A class of objects Ob(e). 

2. For every two objects X,Y ^ Ob(C) a Kan simplicial set of morphisms 
Mapg(Ar, Y) (referred to as the mapping space from X to Y). 

3. For every three objects X,Y,Z^ Ob(C) a strictly associative composition 
rule 

Mape(X,y) X Mape(y,Z) — >Mape(A:,r) 

Example 1.0.1. Every topological category has a natural underlying non-unital 
topological category obtained by forgetting the units. 
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Example 1.0.2. Given a set A one can endow it with a structure of a non- 
unital topological category by setting all mapping spaces to be empty. This 
construction is left adjoint to the forgetful functor C i-^- Ob(C). 

Now let C be a non-unital topological category. Note that even though 
there are no identity morphisms, there is still a natural notion of invertible 
morphisms: we can say that / : X — > Y is invertible if for every Z the maps 

: Mape(Z,X) Mape(Z,y) 

and 

/* : Mape(y, Z) — > Mape(X, Z) 

induced by composition with / are weak equivalences. 

In a similar way one can define when a morphism behaves like an identity 
morphism. We will say that a morphism q : X — > X in C is a quasi-unit if 
for each Z e C the maps 

q^ : Mape(Z,X) — > Mape{Z,X) 

and 

q* : Mape(X,Z) — > Mape(X,Z) 

induced by composition with q are homotopic to the identity. In particular, 
quasi-units are always invertible morphisms. If 6 admits quasi-units for every 
object then we will say that C is a quasi-unital topological category. We will 
say that a functor 5" : 6 — > D is unital if it maps quasi-units to quasi-units. 

Remark 1.0.3. It is not hard to show that the existence of a quasi-unit q : 
X — > X is equivalent to the seemingly weaker condition of having an invertible 
morphism with source X . Furthermore a functor 5" : C — > D is unital if and 
only if it preserves invertible morphisms. These statements are proven in the 
beginning of section § S] 

Example 1.0.4. Let X be an infinite simplicial set and let Co be the non-unital 
topological category whose objects are Kan fibrations p : Y — > X over X 
equipped with a section s : X — > Y, and whose morphisms are compactly 
supported maps over X (i.e. maps which factor through the prescribed section 
outside a finite sub simplicial set of X). Then Cq will not be quasi-unital in 
general. 

We can say that two objects X,Y € Ob(C) are equivalent if there exists 
an invertible morphism / : X — > Y. Note the mildly surprising fact that, 
in general, this definition docs not automatically give an equivalence relation. 
For example, there might be an object which admits no invertible morphism 
to itself. However, if we assume that C is quasi-unital then it is fairly easy to 
show that this relation does become an equivalence relation. Hence when C is 
quasi-unital it is rather natural to talk about equivalence types of objects. 

Once one has a notion of equivalence types one can say when a functor 
F : C — > V of non-unital categories is an equivalence, namely, when F is sur- 
jective on equivalence types and induces a weak equivalence on mapping spaces. 
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Such functors will be called Dwyer-Kan equivalences, or DK-equivalences 
for short. 

Note that DK-cquivalcnces are always unital functors. We will consider 
DK-equivalences as the natural notion of weak equivalences for the category 
of quasi-unital topological categories and unital functors. Informally speaking, 
this allows us to consider small quasi-unital topological categories as forming 
an oo-category Cat!^"p. One can then consider the forgetful functor 

J : Catxop — > Cat!^"p 

as a functor of oo-categories, where Catxcp denotes the cxD-category of small 
topological categories. 

The purpose of this paper is to show that the forgetful functor 5" is an 
equivalence of oo-categories. More precisely, we will consider the non- 
strict analogue of quasi-unital topological categories, namely quasi-unital oo- 
categories. We will construct a model for the oo-catcgory of small quasi-unital 
oo-categories (and unital functors) in the form of complete semiSegal spaces. 
We will show that this oo-catcgory is equivalent to the oo-category of complete 
Segal spaces, which is a well-known model for the oo-category of small oo- 
catcgorics, first constructed by Rczk in his fundamental paper [Rezj . We can 
state this main result as follows: 

Theorem 1.0.5. The forgetful functor from oo-categories to quasi-unital oo- 
categories is an equivalence. 

In particular, this gives the following answers to the questions above: 

1. Given a non-unital associative composition rule, a unital structure exists 
if and only if quasi-units exist for every object. 

2. When quasi-units exists then the unital structure is essentially determined. 

As established in jRezj . the topological category of complete Segal spaces 
serves as the localization of the topological category of Segal spaces by a 
the class of Dwyer-Kan equivalences. Similarly we will show that the topolog- 
ical category of complete semiSegal space can be obtained as the localization 
of a certain category of quasi-unital semiSegal spaces by an appropriate 
analogue of the notion of DK-equivalences. As quasi-unital semiSegal spaces 
describe quasi-unital oo-categories in a very natural way, this can be considered 
as a justification for modeling quasi-unital oo-categories as complete semiSegal 
spaces. 

It is worthwhile to mention explicitly an interesting particular case. We will 
say that a non-unital oo-category 6 is a semi-groupoid if all the morphisms 
in 6 are invertible. Then we get as a particular case of Theorem II .0.51 that the 
homotopy theory of quasi-unital semi-groupoids is equivalent to the homotopy 
theory of oo-groupoids, which in turn is equivalent to the (weak) homotopy 
theory of spaces. This particular case will be proved before the main theorem, 
and is the main occupation of subsection §§S31 
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The theory developed here is closely related and much inspired by the theory 
of quasi-unital algebras developed by Lurie in jLurlj . §6.1.3. There he considers 
non-unital algebra objects in a general monoidal cx)-category 2). Enforcing 
an existence condition for quasi-units and an appropriate unitality condition 
for morphisms one obtains an appropriate oo-category of quasi-unital algebra 
objects in D. It is then proven that 

Theorem 1.0.6 ( |Lurl| ). The forgetful functor from the oo-category of alge- 
bra objects in D to the oo-category of quasi-unital algebra objects in D is an 
equivalence of oo- categories. 

Note that if D is the monoidal cxD-category of spaces (with the Cartesian 
product) then algebra objects in 2) are also known as (non-strict) monoids. We 
shall therefore refer to non-unital algebra objects in D as semi-monoids. Now 
note that semi-monoids can be considered as pointed non-unital oo-categories 
with one object, and similarly quasi-unital semi-monoids can be considered as 
pointed quasi-unital cx)-categories with one object. Hence we see that there is 
a strong link between a result such as 11.0.51 and Theorem 11.0.61 

One can also consider the special case of semi-groups, i.e. semi-monoids in 
which all elements act in a homotopy invertiblc way (or alternatively, pointed 
semi-groupoids with one object). In light of Remark 11.0.31 we sec that a semi- 
group is quasi-unital if and only if it is non-empty. Note that unital semi-group 
objects in spaces are exactly loop spaces. A common corollary of ll.0.6l and ll.0.5] 
is then the following: 

Corollary 1.0.7. Every non-empty semi-group is homotopy equivalent to the 
underlying semi-group of a loop space. 

Before proceeding to describe the structure of the paper let us mention that 
our main motivation for rigorously developing the theory of quasi-unital oo- 
categories is to provide a formal proof for the cobordism hypothesis in dimension 
1. This application is explained in the paper jHarj 

This paper is constructed as follows. In §[5] we introduce the model categor- 
ical setting underlying all the constructions of the paper. Specifically, in §§[111] 
we recall the Reedy model structure on the category of semi-simplicial spaces, 
and in §§ 12.21 we consider a useful variant obtained by adding a marking on 
the space of 1-simplices. 

In §[3] we study the semi-simplicial analogue of Segal spaces, namely that of 
semiSegal spaces. In §§[SH]we show that one can study semiSegal spaces in 
a model categorical setting similar to the way Segal spaces are studied in |Rez| . 

In § 0] we introduce the notion of quasi-units in the semiSegal setting 
and study the topological category QsS of quasi-unital semiSegal spaces and 
unital maps between them. The main interest of this paper is the c>o-category 
obtained by localizing QsS with respect to DK-equi valences. The localized oo- 
category is our model for small quasi-unital c>o-categories. In §§ 14.31 we will 
restrict attention to quasi-unital semiSegal space in which all morphisms are 
invertiblc and show that in this case the DK-localized oo-category coincides 
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with the oo-category of oo-groupoids. This particular case of the main theorem 
will provide the first step towards the general proof. 

In §[5]we show that QsS can be considered as a full subcategory of the cate- 
gory of marked semi-simplicial spaces. This observation is exploited throughout 
the various subsections of § [U in order to construct basic tools and methods to 
work with quasi-unital semiSegal spaces. In particular, in ijij 15.31 we show that 
QsS has a good notion of internal mapping objects. This can be considered 
as another principal ingredient of the proof of Theorem 11.0.51 as it essentially 
says that when quasi-units exists they can be chosen coherently over arbitrary 
families of objects. 

In § [S] we introduce the notion of complete semiSegal spaces and con- 
struct a completion functor from quasi-unital semiSegal spaces to complete 
semiSegal spaces, analogous to the completion functor constructed in |Rez| . 
We then show that this completion functor exhibits the category of complete 
semiSegal spaces as the left localization of QsS with respect to DK-equi valences. 
Finally, in §§ 16.21 we prove the core part of the main theorem by showing that 
the oo-category of complete semiSegal spaces is equivalent to the cxj-category of 
complete Segal spaces. 

The author would like to thank his advisor Emmanuel Farjoun for precious 
guidance, support and numerous fruitful discussions. 

2 Preliminaries 

Let A denote the simplicial category, i.e. the category whose objects are the 
finite ordered sets [n] = {0, ...,n} and whose morphisms are non-decreasing 
maps. Let S = Set denote the category of simplicial sets endowed with 
the Kan model structure, i.e. the weak equivalences are the maps which 
induce isomorphisms on all homotopy groups and fibrations are Kan fibrations. 
The category § admits Cartesian products and internal mapping objects making 
it into a monoidal model category. 

We will refer to objects K G § as spaces. We will say that two maps 
f,g:K — > L in § are homotopic (denoted / ~ g) if they induce the same 
map in the homotopy category associated to the Kan model structure. A point 
in a space K will mean a 0-simplex and a path in K will mean a 1-simplex. 
Note that most spaces which appear in this paper will be Kan fibrant, so this 
terminology is somewhat justified. 

Many of the categories which appear in this paper will be enriched in §, so 
that we have mapping spaces Map(X, Y) G § which carry strictly associative 
composition rules. We will say that an §-enriched category is topological if 
all the mapping spaces are Kan. A second kind of §-enriched categories which 
we will come across are S-enriched categories equipped with extra structure. In 
particular, we recall the following definition: 

Definition 2.0.8. Let 6 be an S-cnrichcd category. 
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1. An S-tensor structure on C is a functor T : S xC — > 6, usually denoted 

by 

T{K, X) = K(g)X 
together with isomorphisms 

Map(7^ ® X, y) = Maps(/\, Map(X, Y)) 

which are natural in K eS""^, X e 6°? and F G 6. 

2. An S-power structure on 6 is a functor P : xC — > C, usually denoted 

by 

P{K, X) = X^ 

together with isomorphisms 

Map {X, Y^) = Maps {K, Map(X, Y)) 
which arc natural in K G S°p, X G e°P and F G 6. 

3. A simplicial structure on C is just a pair (T, P) of an S-tensor structure 
and an S-power structure. 

As in other places, a simplicial structure on an S-enriched category typically 
appears in the context of simplicial model categories (where it is assumed 
to be compatible with the model structure in an appropriate sense). 

In this section we will set up the model categorical scene in which the rest 
of the paper takes place. In particular, we will describe two monoidal simplicial 

A op 

model categories, namely the Reedy model category S ' of semi-simplicial 
spaces and an analogous model category S_|_° of marked semi-simplicial 
spaces. These model categories sit in a sequence of Quillen adjunctions 



Where S is the Reedy model category of simplicial spaces. This model cat- 
egory was used in jRez] as the underlying framework in which a model for the 
homotopy theory of cxD-categories could be set up. In this paper we will be 
using the analogous Reedy model category of semi-simplicial spaces as the un- 
derlying framework for studying non-unital oo-categories. The intermediate 
categories of marked semi-simplicial spaces will be used as a tool in order to 
bridge the gap between the unital and non-unital case. 

2.1 Semi-simplicial Spaces 

The purpose of this subsection is to recall the relevant theory and definitions 
regarding the Reedy model structure on semi-simplicial spaces. 
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Let As C A denote the subcategory consisting only of injective maps. A 
semi-simplicial set is a functor As — 5- Set. Similarly, a semi-simplicial 
spaces is a functor A°p — > §. 

We will denote by A" the standard n-simplex considered as a semi-simplicial 
set (it is given by the functor A°p — > Set represented by [n]). If we will want to 
refer to the standard simplex as a space (i.e. an object in §) we will write it as 
the realization |A"| G § of the corresponding semi-simplicial set. Given a subset 
I Q [n] we will denote by A^ C A" the sub semi-simplicial set corresponding to 
the sub-simplex spanned by /. Wc will occasionally abuse notion and consider 
A" as a semi-simplicial space as well (which is levelwise discrete). 

A op 

The category of semi-simplicial spaces will be denoted by S ^ . This cat- 
egory carries the Reedy model structure with respect to the Kan model 
structure on § and the obvious Reedy structure on As. Since As is a Reedy 
category in which all non-trivial morphisms are increasing the Reedy model 
structure coincides with the injective model structure. This is a particu- 
larly nice situation because we have a concrete description for all three classes 
of maps, namely: 

1. Reedy weak equivalences in S'^^ are defined levelwise. 

2. Reedy cofibrations in S'^' arc defined levelwise. 

3. A map / : X — > F is a Reedy fibration if the induced maps 

Xn M„{X) y.M^(Y) Yn 

are Kan fibrations, where Af„(— ) is the corresponding matching object 
(see |Hirj §15 for more details). 

A "P 

The Reedy model category § = is a simplicial model category. The 
simplicial structure is defined as follows: for a space K Cz § and a semi-simplicial 
space X € we have the semi-simplicial spaces K (g) X and X^ given by 

{K ® X)n = KxX„ 

It is then not hard to verify that the Reedy model category is a simplicial model 
category with respect to this structure. In fact, the simphcial structure extends 
to a structure of a monoidal model category, as we will see in subsection 12.1.11 
We will sometimes consider a space if S § as a semi-simplicial space which 
is concentrated in degree zero, i.e. as the semi-simplicial space K ® Aq. 

Remark 2.1.1. As mentioned above, there is also a Reedy model structure on the 
category §^ of simplicial spaces. According to Theorem 15.8.7 of [Hir] the 
Reedy model structure on simplicial spaces coincides with the injective model 
structure, i.e. weak equivalences and cofibrations are defined levelwise and the 
fibrations are defined using matching objects. 
The forgetful functor 

F : S^°' 8^°" 
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admits a right adjoint 

RK : 8^°" 

known as right Kan extension. Wc then sec that F preserves cofibrations 
and trivial cofibrations and so we have Quillen adjunction 

.A- ,A- 



In subsection § 12.21 we will show that this adjunction factors through an 
intermediate model category of marked semi-simplicial spaces. 

Remark 2.1.2. The forgetful functor is also a right Quillen functor, i.e. it has 
a left adjoint, the left Kan extension LK, which preserves cofibrations and 
trivial cofibrations. However, the adjunction in this direction will not be as 
useful for the purpose of this paper. 

2.1.1 Products and Mapping Objects 

One of the classical differences between simplicial sets and scmi-simplicial sets 
is that Cartesian products don't behaves as good in semi-simplicial sets. For 
example, topological realization does not commute in general with Cartesian 
products of semi-simplicial sets. However, there is an alternative symmetric 
monoidal product (g) on the category of semi-simplicial sets (and similarly semi- 
simplicial spaces) for which it is true that 

\X(g)Y\^ \x\ X |y| 

Let us now describe this monoidal product more explicitly. Since it will be of no 
additional effort and much additional gain let us go directly to the case of semi- 
simplicial spaces. Let PoSg be the category of partially ordered sets (posets) 
and injective order preserving maps between them. One can then consider Ag 
as a full subcategory of PoSg. Given two posets A,B£ PoSs we will denote 
hy A X B the poset whose underlying set is the Cartesian product of A and B 
and such that (a, b) < (a', b') if and only if a < a' and b < b' . Now given two 
semi-simplicial spaces X, Y one can consider the functor 

Px,y : A°P X A°P S 

given by 

and can take the left Kan extension of Px.y along the functor 

A°P X A°P Pos°P 

given by 

( [n] , [to] ) i-^ [n] X [to] 

This results in a functor 

: Pos°P § 
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We will denote hy X i^Y the semi-simplicial space obtained by restricting Px,y 
to As. 

Remark 2.1.3. The (g)-product of two semi-simpHcial spaces can also be de- 
scribed in terms of Cartesian products of simplicial spaces. Let 

denote the left Kan extension functor. If X, Y are two scmi-simplicial spaces 
then it is not hard to show that 

LK{X (g) y) = LK{X) X LK(y) 

i.e. that LK becomes a symmetric monoidal functor. In particular (X eg) Y)j; 
can be reconstructed as the subspace of non- degenerate fc-simplices in 

LK{X) X LK(y) 

Remark 2.1.4. One can also obtain a completely explicit description oi X (E)Y 
as follows. Let p^'™ denote the set of injective order preserving maps 

p : [k] — > [n] X [m] 

such that 

P[n] op:[k] — > [n] 

and 

Plm] ° P ■■ [k] — > [m] 

arc surjective. Then one can write an explicit formula for the fc-simpliccs of 
X®Yhy 

{X®Y)k^ [] Pf"xX„xy^ 

n , m < A: 

In particular, the set of /c-simplices of A" ® A™ can be identified with the 
set of all injective order preserving maps 

[k] — > [n] X [m] 

It is not hard to verify that eg) is a symmetric monoidal product with unit 
A*^. Furthermore in any of the approaches above one can show that 

\X®Y\ = \X\ X \Y\ 

In addition to respecting realizations, the product ® also commutes with 
colimits separately in each variable. This means that ® has a corresponding 
internal mapping object which can be described explicitly as follows: if 
X, Y are two semi-simplicial spaces then the mapping object Y^ is given by 

(y^)„ = Map(A"(gX,y) 
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This internal mapping object corresponds to in the sense that we have a 
natural isomorphism (the " exponential law" ) 

Map(X ®Y,Z)= Map {X, Y^) 

In other words, the monoidal product ® is closed. 

Remark 2.1.5. The closed monoidal product ® extends the simplicial structure 
of 2>^'^ in the sense that we have a canonical isomorphisms 

if ® X = (if ® Ao) ® X 

where if S § is a space and X £ $ is a semi-simplicial space. Note that 
we have abusively used the same notation for the simplicial structure and 
the closed monoidal structure. We hope that this will not result in any 
confusion. 

A op 

We claim that the Reedy model structure on § = is compatible with the 
closed monoidal product ® in the following sense: 

Definition 2.1.6. Let M be a model structure with a closed monoidal product 
® such that the unit of ® is cofibrant. We will say that M is compatible with 
® if for every pair of cofibrations / : X' — > X, g : Y' — !■ Y the induced map 

h:[X' ®Y] \[ [X®Y']^ X®Y 

X'®Y' 

is a cofibration which is trivial if either of /, g is trivial. See jHovj for a slightly 
more general definition of compatibility (Definition 4.2.6) which does not assume 
that the unit is cofibrant. 

Now since Reedy cofibrations and Reedy weak equivalences are levelwise one 
can easily verify these conditions using the explicit formula in Remark 12.1.41 
In particular, the Reedy model category S = is a monoidal simplicial model 
category with respect to ®. 

2.2 Marked Semi-simplicial Spaces 

The purpose of this subsection is to set up a basic theory of marked semi- 
simplicial spaces. More precisely, we will set up a model category of marked 
semi-simplicial spaces which will serve as an intermediate step between the 
Reedy model categories of simplicial and semi-simplicial spaces. In particular, 
marked semi-simplicial spaces will be used in this paper to bridge between unital 
and non-unital oo-catcgories. 

Wc will begin with the basic definitions and then proceed to introduce a 
model structure on this category which is analogous to the Reedy model struc- 
ture on semi-simplicial spaces. We will then extend the monoidal structure ® 
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to marked semi-simplicial spaces and show that it is compatible with the model 
structure. We will finish by factoring the Quillen adjunction 



through the category of marked semi-simplicial spaces. 
Let us open with the main definition: 

Definition 2.2.1. A marked semi-simplicial space is a pair {X,A) where 
X is a semi-simplicial space and A C Xi is a subspace. In order to keep the 
notion clean we will often denote a marked semi-simplicial space {X, A) simply 
hyX. 

Given two marked semi-simplicial spaces {X, A) , {Y, B) we denote by 

Map+(X, Y) C Map(X, Y) 

the subspace of maps which send A io B. We will refer to these kind of maps 
as marked maps. We denote by 



The §-cnrichcd category of marked semi-simplicial spaces and marked maps 
between them. 

Remark 2.2.2. In a similar way one can define marked semi-simplicial sets 
as semi-simplicial sets equipped with a distinguished set of edges. Alternatively 
one can think of marked semi-simplicial sets as marked semi-simplicial spaces 
which are levelwise discrete. We will usually not distinguish between these two 
points of view. 

Remark 2.2.3. The category S^'^ carries a natural simplicial structure given 

by 

(X, A)®K ^{X® K, A X K) 

Definition 2.2.4. Given a semi-simplicial space X we will denote by X^ the 
marked semi-simplicial (X, Xi) in which all edges are marked. 

Definition 2.2.5. Given a semi-simplicial space X we will denote by X^ the 
marked semi-simplicial space {X, 0) in which no edges are marked. 

2.2.1 The Marked Model Structure 

The purpose of this subsection is to introduce a model structure on the category 
A°p 

which we call the marked model structure. Wc start with the necessary 
definitions: 



13 



Definition 2.2.6. Let (X, A) be a marked semi-simplicial space. We will denote 
by Ho(A) C TTo{Xi) the image of the map 

i.e., the set of comiected components of Xi which meet A. We refer to Ho (A) 
as the set of marked connected components of Xi . 

Definition 2.2.7. We will say that a map / : {X,A) — > {Y, B) of marked 
scmi-simplicial spaces is a marked equivalence if 

1. The underling map / : X — > K is a levelwise equivalence. 

2. The induced map 

/, : Ro{A) Ho(B) 

is an isomorphism of sets. 

Theorem 2.2.8. There exists a left proper combinatorial model category struc- 
ture on S^" such that 

1. The weak equivalences are the marked equivalences. 

2. The cofibrations are the maps f : {X, A) — > {Y, B) for which the under- 
lying map X — !■ Y is a cofibration (i.e. levelwise injective). 

3. A map is a fibration if and only if it satisfies the right lifting property with 
respect to all morphisms which are both cofibrations and weak equivalences. 

Proof. We will use the following general existence theorem which is a slightly 
weaker version of Proposition A. 2. 6. 13 of |Lur2| (which in turn is based on work 
of Smith): 

Theorem 2.2.9 (Lurie, Smith). LetJA be a presentable category. Let C,W be 
two classes of morphisms in M such that 

1. C is weakly saturated and is generated (as a weakly saturated class of 
morphisms ) by a set of morphisms Co . 



2. W is perfect (see Definition A. 2. 6. 10 of jLi 



3. W is stable under pushouts along C, i.e. if 

f 




is a pushout square such that f E C and g £ W then g' £ W as well. 

4-. If a morphism f in M. has the right lifting property with respect to every 
morphism in C (or equivalently in Cq) then f £ W . 
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Then there exists a left proper combinatorial model structure on M such that 
that the weak equivalences are W and the cofibrations are C . 



First wc need to verify that S 
colimits and in particular 



A°P 



is presentable. Note that has all 



co\mi{Xon Aa) = (colimXa,Im (colimAQ — colini(XQ 



Wc now need to find a subcategory of small objects generating §_,_ 
say that a semi-simplicial space X is finite if 



We will 



1. For each k the space Xk contains only finite many non-degenerate sim- 
plices. 



2. X„ 



for large enough n. 



It is not hard to verify that each semi-simplicial space is a filtered colimit of 
finite semi-simplicial spaces (this is part of a general theory - is a functor 
category and finite semi-simplicial spaces are just those which are finite colimits 
of representables). 

We will say that a marked semi-simplicial space {X, A) is finite if X is finite. 
It is then not hard to check that 

1. Every marked semi-simplicial space is a filtered colimit of finite marked 
semi-simplicial spaces. 

A°P 

2. Finite marked semi-simplicial spaces are small in S_,_° . 

3. Finite marked semi-simplicial spaces are closed under finite colimits. 



A"P 

This shows that S_,_° is presentable. 



Now let W be the class of marked equivalences and C the class of marked 
maps which are levelwise injective. We need to show that the classes (W, C) 
meet the requirements of Theorem l2.2.9l We start by finding a set of morphisms 
which generates C as a weakly saturated class. 

Let Co to be the set containing all the morphisms 



and all the morphisms 



n 

|aA'=|®(aA'»)^ 



u 

ISA'^I^CAi)' 



|A'=|®(9A")^ lA'^l ® (A")^ 



lA'^l ® (A^) 



(A^)« 



It is not hard to check that C is exactly the weakly saturated class generated 
from this set (these are standard arguments). 

We will now show that {W, C) satisfy the assumptions 2 and 3 of Theo- 
rem [51131 Consider the category Set with its trivial model structure (i.e. the 
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weak equivalences are the isomorphisms and ah maps are fibrations and cofibra- 
tions). We endow S^" x Set with the product model structure (i.e. weak 
equivalences, fibrations and cofibrations are defined coordinate-wise, where on 
the left we use the Reedy model structure). Let W, C be the classes of weak 
equivalences and cofibrations Set respectively. 

y\ op 

Since both 8 ^ and Set are left proper combinatorial model categories it 

A op 

follows that § = X Set is a left proper combinatorial model category. This 
means that W' is stable under pushout along C' and that W' is perfect (this 
is part of Smith's theory of combinatorial model categories, cited for example 
in [Lur2] A.2.6.6). 

Now let F : S_^^ — ^ § ^ x Set be the functor given by 

F(X,A) = (X,Ho(A)) 
Then it is clear that F preserves colimits. Since 

W = F-'^{W') 

and 

C = F-i(C") 

we get that W is stable under pushouts along C and that W is perfect (see |Lur2) 
A. 2. 6. 12). It is then left to check the last assumption of Theorem 12.2.91 

Let / : (X, A) — > (Y, B) be a morphism which has the right lifting property 
with respect to all maps in Cq. Since Cq contains all maps of the form 

laA'^l (g)(A")^j W [|A'=| ® (9A")^j lA*^'! (g)(A")'' 
|aA'=|«)a(A")^ 

it follows that / is a level wise equivalence. It is left to show that / induces an 
isomorphism 

Ho(yl) — > Ho(B) 

Note that since / is a levelwise equivalence it induces an isomorphism ttq {Xi ) — > 
7ro(Yi) and so that map Ho(A) — > IIo(i?) is injectivc. The fact that it is sur- 
jective follows from having the right lifting property with respect to 

(Ai)^^(Ai)« 

which is one of the maps in Cq. This completes the proof of Thcorem l2.2.8l □ 

Definition 2.2.10. We will use the terms marked fibrations (marked- 
fibrant) and marked cofibrations (marked-cofibrant) to denote fibrations 
(fibrant objects) and cofibrations (cofibrant objects) in the marked model struc- 
ture. 

Remark 2.2.11. The forgetful functor (X, A) ^ X from to §1^"^ is both a 
left and a right Quillen functor: its right adjoint is the functor X ^ X" and its 
left adjoint is X X'° . Clearly both the forgetful functor and its left adjoint 
preserve cofibrations and weak equivalences. 
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Lemma 2.2.12. A marked semi-simplicAal space [X^A] is marked- fibrant if 

and only if 



1. X is Reedy fibrant. 

2. A is a union of connected components of X . 



Proof. Let {X,A) be a marked-fibrant object. From remark [2.2.111 we see that 
X is Reedy fibrant. Now consider the maps 



|A,'I®(A') 



|Aj^|®(Ai)'' 



for fc > 1 and < i < k. By definition we see that these maps are trivial 
marked cofibrations. Since {X, A) is Reedy fibrant it satisfies the right lifting 
property with respect to such maps, which in turn means that the inclusion 
A ^ Xi satisfies the right fitting property with respect to the inclusion of 
spaces |A^| ^ |A'^| for k > 1. This means that the inclusion A ^ Xi is Kan 
fibration and hence a union of components of Xi . 

In the other direction assume that X is Reedy fibrant and A C Xi is a union 
of components. Consider an extension problem 



f 



iX,A) 



{Z,C) 

such that (Y, B) ^ (Z, C) is a trivial marked cofibration. In this case Y ^ Z 
will be a trivial Reedy cofibration and so there will exist an extension / : Z — >■ 
X in the category of semi-simplicial spaces. We claim that / will necessarily 
send C to A. In fact, let W C Zi he a connected component which meets C. 
Since {Y, B) ^ [Z, C) is a marked equivalences it follows that W also meets 
the image of B. Since A is a union of components of Xi we get / sends all of 
W to A. This means that / sends C to A and we are done. 

□ 

Remark 2.2.13. The same argument as in the proof of Lemma 12.2.121 shows 
that if / : (X, M) — > (Y, N) is map such that the underlying map X — !■ Y 
is a Reedy fibration and M C Xi is a union of components then / is a marked 
fibration (the converse however is not true in general) . 

Corollary 2.2.14. A map f : X — > Y between marked-fibrant objects is a 
marked equivalence if and only if it is a levelwise equivalence which induces a 
weak equivalence on the corresponding spaces of marked edges. 
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2.2.2 Marked Products and Mapping Objects 

Let {X,A),{Y,B) be two marked semi-simplicial spaces. Recall the monoidal 
product (g) on semi-simplicial spaces defined in §§ 12.1.11 According to Re- 
mark [5?TI1] one has 

(X ® = {Xi X Yo) Y[ (Xo X Yi) Y[ (Xi X Yi) 

Wc will extend the monoidal product (g) to marked semi-simplicial spaces 
by defining {X, A) ® (Y, B) to be the marked semi-simplicial space [X ® Y, C) 
where the marking C is given by 

C ={AxY^)\[{XoxB)\l[AxB) 

The product ® on S^_° again commutes with colimits separately in each 
variable and hence has a corresponding internal mapping object which is 
defined as follows: 

Definition 2.2.15. Let X, Y be two marked semi-simplicial spaces. The marked 
mapping object from X to F is the marked semi-simplicial space 
given by 

(y^)„-Map+ (xx(A")^y) 

where the marking H is given 

H = Map+ (x X (A^)" ,y) C Map+ (x x (A^)^y) = (F^), 

This internal mapping object corresponds to ® in the sense that we have 
isomorphisms 

Map(X ®Y,Z)= Map (X, Y^) 
which are natural in X, F G I ) ^-^^d Z G §^'" . 

A°P 

Lemma 2.2.16. The marked model structure on §_|_° is compatible with the 
closed monoidal structure (g) (see Definition \2.1.6\) . 

Proof. Since the Reedy model structure on § = is compatible with the un- 
marked version of (g we only need to verify the following: if X' — 5- X is a 
marked cofibration and Y' — F is a trivial marked cofibration then the map 

h:[X®Y\ W [X' ®Y]^^ {X ®Y)i 

(X'®Y')i 

induces an isomorphism on the set of marked connected components. But 
this is a direct consequence of the fact that the map F/ — !• Fi is a weak 
equivalence which induces an isomorphism on the set of marked connected com- 
ponents. □ 
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Corollary 2.2.17. The marked model structure is compatible with the simplicial 
structure on . 

We finish this subsection with the following definition which we frame for 
future use: 

Definition 2.2.18. Let W beji marked semi-simplicial space with marking 
M C Wi. We will denote hy W C W the marked semi-simplicial space such 
that _ 

W„ = {ae Wnira e M,yf : [1] [n]} 

In particular, all the edges of W are marked. 

This definition will be mostly applied to mapping objects Y-^ . In this case 
the marked semi-simplicial space Y-^ has the following explicit formula: 

(y^) = Map+ (x ® (A")* , y) 



2.2.3 The Marked Right Kan Extension 

Recall the Quillen adjunction 

s"^ - — ^ 

RK 

between the corresponding Reedy model categories, where F is the forgetful 
functor and RK is the right Kan extension. The purpose of this section is to 

^ op 

construct an analogous Quillen adjunction between S and the marked model 
structure on §^ . 

We first find the relevant marked variant of the forgetful functor. Define the 
mEirked forgetful functor 

F+:S^°''-^st°' 

as follows: given a simplicial space X we will define F^{X) to be the marked 
semi-simplicial space (X, where X is the underlying semi-simplicial space of 
X and D C Xi = Xi is the set of degenerate 1-simplices, i.e. the image of 

So : -'^0 — !■ Xi 
The functor admits a right adjoint 

RK+ : §t°' ^ S^"'' 

which we shall now describe. For this we will need the following definition: 

Definition 2.2.19. Let / : [771] — > [n] be a map in A. We will say that an edge 
e € (A"*)! is /-degenerate if / maps both its vertices to the same element 
of [n]. We will denote by (A™)^ the marked semi-simplicial space (A"*, A/) 
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where A™ is considered as a semi-simplicial space which is levelwise discrete 
and Af C (A™)i is the set of /-degenerate edges. 

Now let {X, A) be a marked semi-simphcial space. We wiU denote by 

X/ =Map+((A"y,(X,A)) 

Note that we have a natural inclusion 

X4 CX™ -Map(A'",X) 

The m-simplices in Xj^ will be called /-unital simplices. 

We will now construct the functor 

RK+ : Sf' ^ 8^°' 

as follows. For each [n] £ A consider the category 

The objects of C„ can be identified with maps / : [m] — > [n] in A. A morphism 
from / : [to] — > [n] to g : [k] — > [n] in C„ can then be described as a 
commutative triangle 

[k] ^ [to] 

[n] 

such that h is injective. Now let {X, A) be a marked semi-simplicial and let 

be the functor which associates to each / : [to] — > [n] the space 

Note that for each map [n] — > [n'] in A one has a natural functor 

f • p \ p' 

and a natural transformation 

We can then define RK^ {X, A) by setting 

RK+(X,A)„ =limg„ 
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Remark 2.2.20. The category C„ carries a Reedy structure which is induced 
from that of Ag. If {X,A) is marked- fibrant then the functor / i— X^^ will be 
a Reedy fibrant functor from C„ to S. This means that in this case the limit 
above will coincide with the respective homotopy limit. 

Remark 2.2.21. The functor RK"*" is closely related to the right Kan extension 
functor. One has natural map 

RK+{X,A)n = \imXl^ — > limX„ = RK(X)„ 

which fit to form a natural transformation 

RK+{X,A) — > RK{X) 

From Lemma 12.2.121 we see that when {X, A) is markcd-fibrant the map above 
identifies RK^(X, yl)„ with a union of path components of RK(X)„. 

Let us now describe the counit map F+ o RK+ — > Id. Let X be a marked 
semi-simplicial space. For each n we have the object Id S C„ corresponding to 
the identity Id : [n] — [n]. We then get a natural projection map 

RK+ = limg„ g„(id) = x„ 

which is functorial in n. Furthermore, unwinding the definition we see that this 
map sends degenerate edges in RK"*" (X)-^ to marked edges in Xi. Hence we 
obtain a map of marked semi-simplicial spaces 

i^x ■■ F+ (RK+ (X)) — > X 

The unit map is also quite easy to define. Let X be a simplicial space. For each 
/ : [k] — > [n] in A we have a map /* : X„ — Xk whose image lies inside 
{F^(X))l C Xk- These maps fit together to form a map 

X„ l\m{F+{X))i = RK+(F+(X))„ 

which is natural in n, hence giving us the unit map 

X — > RK+{F+{X)) 

It is not hard to verify that these unit and counit maps exhibit RK"*" as a 
right adjoint of F+. In particular, if X is a simplicial space and {Y,B) is a 
marked semi-simplicial space then the composition 

Map(X,RK+(y,B)) — > Map(X,RK(y)) ^ Map{F{X),Y) 

identifies the space Map(X, RK+(r, B)) with the subspace of Map{F{X),Y) 
consisting of maps which send degenerate 1-simplices of Xi to B, i.e. with the 
space 

Map+ {F+iX),{Y,B)) 
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We now claim that i^+jKR"*" form a Quillen adjunction. Since any Reedy 
cofibration in §^ is a levelwise injection it follows that F+ preserves cofibra- 
tions. Furthermore, it is not hard to check that F'^ maps levelwise equivalences 
to marked equivalences, and hence trivial cofibrations to trivial marked cofibra- 
tions. Hence wc have a Quillen adjunction 



RK"* 



A op 



Now the forgetful functor 
factors through . This means that the Quillen adjunction 



RK 

factors through §_|_° as the composition 



gA-_^gA-_A^gA- 
RK+ (.)« 



where • denotes the forgetful functor {X,A) i— > X. 



3 SemiSegal Spaces 

In this section we will describe the formalism underlying the main constructions 
of this paper, namely that of a semiSegal space. ScmiScgal spaces are formal 
models for the notion of non-unital oo-categories. Wc will begin in ^ij l3.1l bv 
reviewing the basic definitions and proceed in 13.21 to explain how the notion 
of a semiSegal space encodes the information of a non-unital oo-category. 

SemiSegal spaces were used in |Lur3| in order to describe various cx3-categories 
of manifolds and cobordisms. These types of cx)-categories form a motivating 
example for the theory developed in this paper: although they carry a unital 
structure it is simpler and more direct to first obtain a description of their un- 
derlying non-unital oo-categories in terms of semiSegal spaces. We will review 
this example in §§ 13.31 

Finally, in §§ 13.41 we will revisit the notion of semiSegal spaces in a model 
categorical framework. More precisely, we will show that there exists a monoidal 

A°P 

simplicial model structure on § whose fibrant objects are exactly the semiSe- 
gal spaces. This is completely analogous to the construction of the Segal model 
structure in |Rez| . although some of the proofs require technical modifications 
to the semi-simplicial setting. 
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3.1 Basic Definitions 



Definition 3.1.1. Let X be a semi-simplicial space. Let [n], [m] € Ag be two 

objects and consider the commutative (pushout) diagram 



[0] 



\n + m\ 



where fn,m{i) = * and gn.mii) = i + n. We will say that X satisfies the Segal 
condition if for each [n] , [m] as above the induced commutative diagram 



0* 



X„ 



Xo 



is a homotopy pullback diagram. We will say that X is a semiSegal space 
if it is Reedy fibrant and satisfies the Segal condition. Note that in that case 
the above square will induce a homotopy equivalence 

-Xm-\-n — X^fi X Xq Xji 

The Segal condition can also be formulated in term of spines: 
Definition 3.1.2. Wc will denote by 

Sp„ = A^"^i> W A{i'2> W ... [] At"-i'"> c A" 

the spine of A", i.e. the sub semi-simplicial set consisting of all the vertices 
and all the edges of the form {i, i + 1}. 

The Segal condition on a Reedy fibrant semi-simplicial space X is equiv- 
alent to the assertion that the map 

X„ = Map(A",X) Map(Sp„,X) = X^ Xx„ ... x^o 

is a weak equivalence for every n > 2. This means that the Segal condition can 
be considered as a locality condition: semiSegal spaces are exactly the Reedy 
fibrant semi-simplicial spaces which are local with respect to spine inclusions. 
We will revisit this point in §§ 13.41 

Example 3.1.3. Let C be a non-unital small topological category. We can rep- 
resent C as a semiSegal space as follows. For each n, let £""([71]) denote the 
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non-unital S-enriched category whose objects are the numbers 0, n and whose 
mapping spaces are 

Mape„„([„])(z,.7) = . 

where = {a; £ {0, ...,n}|z < x < j}. The composition is given by the 

inclusion 

jiiJ) X /(j'*-') ^ X {0} X /("'•'^) C 

Note that £""([71]) depends functorially on [n] G As. Hence for every non-unital 
topological category C we can form a scmi-simplicial space N{C) by setting 

7V(e)„ = Fun((!:""([n]),e) 

We endow iV(C)„ with a natural topology that comes from the topology of the 
mapping space of 6 (while treating the set of objects of 6 as discrete). One can 
then check that N{C) is a semiSegal space. 

We think of general scmiScgal spaces as relaxed versions of Example 13.1.31 
We will explain this point of view further in the next subsection. However, 
before we do so let us introduce one last piece of terminology which will be very 
useful for us in studying semiSegal spaces. 

Let A" C A" be the sub semi-simplicial set obtained by removing the single 
n-simplex of A" together with the (n — l)-face which is opposite to the «'th 
vertex. The semi-simplicial set A" is called the i'th horn of A". We will refer 
to an inclusion of the form 

A^' c A" 

as a horn inclusion of dimension n. When < z < 71 we will say that A" is an 
inner horn of A" and that the inclusion above is an inner horn inclusion. 

For various purposes it is useful to replace the spine inclusions Sp„ C A" 
(see Definition I3.1.2|) with inner horn inclusions. The following proposition is 
the semi-simplicial analogue of a standard fact about Segal spaces: 

Proposition 3.1.4. Let X be a Reedy fibrant semi-simplicial space. Then X 
is a semiSegal space if and only if the restriction map 

Map(A",X) — > Map(A;",A:) 

is a weak equivalence for every inner horn inclusion A" C A" . 

Proof. The proposition will follow easily from the following lemma: 

Lemma 3.1.5. Let n > 2 and < I < n. Then the semi-simplicial set A" 
can be obtained from Sp„ by successively performing pushouts along inner horn 
inclusions of dimension < n. 
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Proof. For n = 2 the claim is trivial because Sp2 = Af. Now let n > 3 and 
assume the claim if true for all m's such that 2 < m < n. This implies that 
for each 2 < m < n the full m-simplcx A™ can be obtained from Sp^ by 
performing pushouts along inner horn inclusions of dimension < m. Let A^"'^ C 
A" be the Pth vertex. By breaking Sp„ into a pushout Sp; IJa{i., > Sp„_; we see 
that A^°'- -''^ lJA{"i> A^'' - '"'' can be obtained from Sp„ by performing pushouts 
along inner horn inclusions of dimension < n. 

We will say that a simplex A^ C A" is two-sided if / contains I, a vertex 
strictly smaller then / and a vertex strictly larger then I. Set 

= A{"--'> [J A{'.-.»} 

and for j = 2, ...,n — 1 define inductively Xj C A" to be the union of Xj^i 
and all the two-sided j'-simplices. It is then not hard to verify that Xj can be 
obtained from Xj^i by a sequence of pushouts along inner horn inclusion of 
dimension j and that X„_i = A". 

□ 

Now from Lemma 13.1.51 one gets that A" can be obtained from Sp„ by a 
sequence of inner horn inclusion. This proves the "if direction of Proposi- 
tion 13.1.41 The " only if direction follows from Lemma 13.1.51 as well by using a 
simple inductive argument. □ 



3.2 Homotopy Theory in a semiSegal Space 

Wc are now ready to explain how a general semiSegal space encodes the informa- 
tion of a non-unital oo-category, i.e. a relaxed version of a non-unital topo- 
logical category. Let AT be a semiSegal space. The objects of the corresponding 
non-unital oo-category are the points of Xq. Given two points x,y G Xq we 
define the mapping space between them by 

Mapx{x,y) = {x} xx,, xx„ {y} 
i.e., as the fiber of the (Kan) fibration 

Xi ^ Xq X Xq 

over the point {x,y). Informally, the space X2 of triangles induces a "homotopy- 
composition" operation on these mapping spaces which is homotopy associative 
in a coherent way. In order to describe this structure in more precise terms one 
can use the notion of correspondences. Wc recall the basic definition: 

Definition 3.2.1. Let AT, F S § be spaces. A correspondence from AT to y 
is a space C equipped with a pair of fibrations 

C 

X Y 
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Remark 3.2.2. It is often customary to define correspondences using general 
maps and not only fibrations. Since all the correspondences we will come across 
involve only fibrations, and since this simplifies a bit the description of compo- 
sitions, we have chosen to restrict the definition to this case. Note that every 
map can be "turned" into a fibration without changing the homotopy type of 
the maps involved and so this does not mean any essential loss of generality. 

Note that any fibration / : X — > Y gives a correspondence 




and so correspondences can be considered as generalizations of (fibration) maps. 
In particular, we consider a correspondence X 4^ C Y as going from X 



to y, so it is of some importance to keep track of directions. 



Wc will say that two correspondences X 
arc equivalent if there exists a correspondence 



— G 



Y and X 



Y 




such that /, /' are weak equivalences and such that 

O / - o /' 

and 

^ o / ^ ^' o /' 

where ~ means homotopic with respect to the Kan model structure (see § (2) . 

We will say that a correspondence X 4^ C Y is map- like if it is equivalent 
to a correspondence coming from a map as above. This is equivalent to saying 
that is a weak equivalence. As we will see below, all the correspondences 
that will appear in the semiSegal formalism arc map-like. However, it is still 
useful to keep the framework general. 

The notion of composition generalizes naturally from maps to correspon- 
dences. If X C Y and X D Y are correspondences then we 
define their composition X < — P — y Y by forming the commutative diagram 
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where the internal square exhibits P as the fiber product of C Xy D. 

It is not hard to see that this composition generalizes the usual composition 
of maps. Furthermore the composition rule respects the notion of equiva- 
lence described above and so the composition of two map-like correspondences 
is map- like. 

Let us now explain how to use the notion of correspondences in order to 
describe the homotopy-composition operation in a semiSegal space. Suppose 
first that we had a topological category 6 and we were given three objects 
x, y, z G C and a morphism / : x — > y. One would then obtain a composition- 
by-/ maps 



and 



/* :Home(2;,x) — >ilome{z,y) 



f* : Home(2/, z) — > Home(x, z) 



In the semiSegal model we do not have such strict composition. Instead one 
can describe the composition-by-/ maps as correspondences. If x,y,z G Xq 
are objects and / : x — > y is a morphism (i.e. an element in Xi such that 
do{f) = x and = y) one can consider the space C X2 given by 

C/^z W ^ ^2] ct|a{i,2} = /, cr|A{o} = z} 

Then the two restriction maps a 1-^ (t|a{o.i} and a ^ <7\^{o,2} give us a cor- 
respondence (recall that X is Reedy fibrant and so the restriction maps are 
fibrations): 

r<R 



Map^(z,a;) 



Map^(2,y) 



This correspondence describes the operation of composing with / on the right. 
Similarly we have a correspondence 



Map Y(?;, z) 



Map^(a;,z) 



describing composition with / on the left. 

Now the Segal condition ensures that both C^\, and Cj'^ are map-like 
correspondences, i.e. the left hand side maps are weak equivalences. In 
that sense composition is "almost" well-defined. In particular any map- like 
correspondence 

C 




X 



Y 
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induces a well-defined map 



noiX) no{Y) 
This observation enables the following definition: 

Definition 3.2.3. Let X be a scmiSegal space. We define its homotopy cate- 
gory Ho(X) to be the non-unital category whose objects are Xq and morphisms 
set are 

HoniHo(x)(a;,y) = 7ro(Mapjf(.T,y)) 

The composition is induced by the map-like composition correspondences de- 
scribed above. More explicitly, the composition of the connected components 
[/] S Ti'o (Mapjf (cc, y)) and [g] € ttq (Map^(y, z)) is the unique connected com- 
ponent [h] G ttq {Ma.p-^{x, z)) for which there exists a triangle a £ X2 of the 
form 



X 




z 



To finish this subsection let us prove a simple lemma which will illustrate 
the behavior of these composition correspondences. We will prove that if a 
morphism h is the "homotopy-composition" of / and g then the correspondence 
is equivalent to the composition of the correspondences and . This 
will imply, for instance, the associativity of the composition operation in Ho(X). 

Lemma 3.2.4. Let a : — > X he a triangle of the form 




Let vq S Xq be a point and let 

Mapx(fo,wi) < — C^uo — > Mapx(wo,W2) 

Mapjf(wo,W2) < — C^uo — > Mapx(wo,w3) 

Map^(t;o,ui) < — Cf^\^^^ — Ma.pj^{vo,V3) 

be the composition correspondences as above. Then C^'^^^ is equivalent to the 
composition of andCg^^. The analogous statement regarding left- composition 
is true as well. 

Proof. We prove the lemma for right-composition (the proof for left-composition 
is completely analogous). For i = 1,2 define 

Pi = {P- > X|p|^{i,2.3} = cr,p|A{0} = Vq} 
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The restriction maps to A°'-'^, A"''^ C induce correspondences 

M-apx{vo,Vi) < — Pi — > Map^(i;o,U3) 
Now note that P2 can be identified with the composed correspondence 

Map^(i;o,'yi) < — C^.„,, XMapx(t,o,^2) (^g,vo — > Mapjf(wo,W3) 
In a similar manner we observe that Pi can be identified with the space 

Since the fibration C^^^ — > Map_Y(wo5 ^^i) is a weak equivalence we get that 
the projection map 

is a weak equivalence, and in particular induces an equivalence of correspon- 
dences between Pi and C^,^^. This means that in order to complete the proof 
it will suffice to show that Pi and P2 arc equivalent correspondences. 
Consider the space 

E = {p : — y X|p|^{i,2.3} = a;p\^{o} = vq} 

We have natural restriction maps E — Pi and E — > P2 which are weak 
equivalences by Proposition 13.1.^ Furthermore it is clear that these restriction 
maps are compatible with the source and target maps of the Pi , P2 and so induce 
an equivalence of correspondences between Pi and P2. This finishes the proof 
of the lemma. □ 



3.3 The Cobordism Categories 

Let us now make a brief digression in order to describe the non-trivial example 
we have in mind for a semiSegal space (which does not arise naturally from a 
non-unital topological category) . This example occurs when one tries to formally 
describe the 00-category of closed n-manifolds and cobordisms between them. 
For more details about this construction we refer the reader to |Lur3| §2.2. 

To begin, note that the c»-category of n-manifolds and cobordisms con- 
tains in it the strict topological groupoid of n-manifolds and difFeomorphisms. 
Hence it will be useful to start by constructing a model for the classifying space 
of this topological groupoid. Let V = be the infinite dimensional topological 
vector space obtained as the direct limit (in the category of topological vector 
spaces) 

]rO ^ ]gl ^ ]g2 ^ ... 

Then for each closed manifold M, the space Emb(M, V) of smooth embeddings 
M V (endowed with the C°°-topology) is contractible (in fact, since M is 
compact this space is the direct limit of the embedding spaces Emb(Af, M"), 
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which become more and more connected as n — > oo). The topological group 
Diff(M) acts freely on Emb(Af, R") and we denote the quotient space by 

Sub(M, V) = Emb(M, F)/ Diff(M) 

The space Sub(M, V) can be considered as the space of submanifolds of V which 
are diffeomorphic to M (without a choice of diffeomorphism) . In particular, if 
we let Man„ be a set of closed n-manifolds which contains each diffeomorphism 
type exactly once then the space 

Sub"(F)= Y[ Sub(M,F) 

A/eMan„ 

is the space of all n-submanifolds of V. Since each of the embedding spaces 
Emb(M, F) is contractiblc we can also think of Suh^{V) as the space of all 
closed n-manifolds. More precisely, the space Sub"(y) is a model for the 
classifying space of the topological groupoid of n-dimensional closed manifolds 
and diffeomorphisms between them. 

This method can be extended in order to model the cobordism c>o-category 
of n-manifolds as a semiSegal space Cob" . The space Cob" should be the " space 
of all cobordisms" . More formally, this will be the classifying space of tuples 
{W, Mo, Ml, T) where Mq, Mi are closed n-manifolds, W is an (n + l)-manifold 
and T is a diffeomorphism from Mq ]J Mi to dW. Such tuples form a topo- 
logical groupoid with morphisms being compatible triples of diffeomorphisms. 
Similarly the space Cob^ should be the classifying space of fc-composable se- 
quences cobordisms. In order to construct an explicit model for Cob)J we will 
use the embedding technique as above. 

Let 

T : [k] — > R 

be an order preserving map. We will denote the image t(z) by r^, so that we 
have an increasing sequence of real numbers 

To < Tl < ... < Tk 

Let W he a cobordism from Mo to Mi (and identify dW with A/i ]J Af2). 
We will say that an embedding 

l:W X [To,Tk] 

is proper if 

1. L maps Mo to y x {tq} and Mi to V x {rfe}. 

2. The submanifold l{W) meets the subspace V x {n} transversely for each 
1 = 0, k. 

In particular, if l is proper then 

iiW) nV X {tq} = Mo 
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and 

l{w) nv X {t„} = Ml 

We will denote by Euibp{W,V,T) the space of proper embeddings of W in 
V X [rojTk]. As in the case of closed manifolds, one can show that the space 
Euihp{W,V,T) is a colimit of embedding spaces Embp(W, R", r) which become 
more and more connected. In particular, F,mbp{W,V,T) is contractible. 

Now let Diff (M^, Mo, Ml) denote the group of diffeomorphisms of W which 
map Mq to itself and Mi to itself. Then DifF(W, Mq, Mi) acts freely on the space 
Embp(W, y, r) of proper embeddings by reparameterization. We will denote the 
quotient space by 

Cob(W^, V, t) EmhpiW, V, r)/ Diff (W', Mq, Mi) 

Let CMan„ be a set of cobordisms (VF,Afo,Mi) between n- manifolds which 
covers each diffeomorphism type (of cobordism) exactly once. For fc > 1 and 
r : [k] — > M we will denote 

Cob"(F,r)= \[ Goh{W,V,T) 

CMan„ 

and for r : [0] — > R we will denote 

Cob"(F,r) = Sub"(X^ X {to}) 

i.e. the space of all sub n-manifolds oiV x {to}, constructed as above. 

How should wc think of Cob" (y,T) when the domain of r is [k] for fc > 1? 
Note that one can consider V x [to,ti] as an (infinite-dimensional) cobordism 
from V X {to} to V x {ti}. One can then think of Cob"(y, r) as the space of 
subcobordisms of F x [tq, ti]. Since each Embp(VF, V, r) is contractible we get 
that when the domain of r is [1] then Cob" (y,T) is a model for the classifying 
space of cobordisms. 

Similarly when the domain of r is a larger [k] then one can consider the 
corresponding sequence 

V X [to,Ti], X [ti,T2],...,F X [Tfc_i,Tfc] 

as a composable sequence of infinite dimensional cobordisms 

y X {to} ^ F X {n} ^ ... _> F X {Tfc} 

One can then consider Cob"(y, r) as the space of sequences of cobordisms con- 
tained in the sequence above. This will be a model for the classifying space for 
composable fc-sequences of cobordisms. 

We define Cob^ to be the space of tuples (cc, r) where r : [k] — > R is an order 
preserving map and a; is a point in Cob"(V, r). This space can be topologized in 
a natural way because of the nice dependence of Cob"'(y, r) on r. We claim that 



31 



the collection of spaces {Cob^} carries a natural structure of a semi-simplicial 
space: for every p : [k] — > [m] in one obtains a natural map 

p* : Cob::, Cob)! 

by sending a pair (x, r) to the pair 

{xr\{V X [Tp(0),Tp(fe)]) ,TOp) 

The fact that Cob" satisfies the Segal space follows directly from the construc- 
tion. It reflects the fact that we can glue cobordisms together, and that the 
result is well defined up to a contractible space of choices. Note that Cob" is 
not Reedy fibrant in general, but this can be fixed by taking a Reedy fibrant 
replacement 

Cob" 

resulting in a semiSegal space Cob". This semiSegal space is a model for the 
underlying non-unital oo-category of n-manifolds and cobordisms between them. 

3.4 The Segal Model Structure 

In i)^ l3.1l we saw that a Reedy fibrant semi-simplicial space is a semiSegal space 
if and only if it is local with respect to inner horn inclusions 

AJ' A" 

where we consider A", A" as semi-simplicial spaces which are levelwise discrete. 
In particular, one can study semiSegal spaces in the framework of model cate- 
gories by localizing the Reedy model category § = with respect to inner horn 
inclusions. 

The Reedy model category §^'^ has many nice features (e.g. it is a left 
proper combinatorial model category) which guaranty that the left Bousfield 
localization of it with respect to any set of maps exist (see jHirj . Chapter 4). 
Furthermore, the localized model category will inherit the simplicial structure 
of § = . In particular, there exists a simplicial model category Seg whose un- 

^ op 

der lying simplicial category is § such that: 

1. A map / : X — !■ Y in Seg is a cofibration if and only if it is a Reedy 
cofibration (i.e. levelwise cofibration). 

2. A map / : X — > Y in Seg is a weak equivalence if and only if for each 
semiSegal space Z the restriction map 

Map(y, Z) — > Map{X, Z) 

is a weak equivalence. We will refer to such weak equivalences as Segal 
weak equivalences. 
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Remark 3.4.1. The fact that Seg is a simphcial model category means m par- 
ticular that ii K € § is a space and X ^ Y a. trivial Segal cofibration (i.e. a 
trivial cofibration in Scg) then the map 

is a trivial Segal cofibration. This means that if is a semiSegal space and 
G § is a space then is a semiSegal space as well. 

Example 3.4.2. All inner horn inclusion and all spine inclusions are trivial Segal 
cofibrations. 

We now claim that the model structure of Seg is compatible (see Defini- 
tion [2T|11) with the monoidal product (8). Since the cofibrations in Scg are the 
same as the Reedy structure, it is enough to check that if / : X' ^ X is a 
cofibration and g : Y' ^ Y is a trivial Segal cofibration then the induced map 

h:[X®Y'] Y[ [X' ^Y] — > X (x)Y 

X'®Y' 

is a trivial Segal cofibration. We will start with the following standard reduction 
argument which shows that it is enough to consider the case of / : — > X and 
g : A" A". Note that there is nothing specific to semiSegal spaces in this 
argument - we just use the fact that the localization was done along a set of 
cofibrations and that every object is cofibrant. 

Proposition 3.4.3. The following statements are equivalent: 

1. The Segal model structure is compatible with (8). 

2. For each semi-simplicial space X the maps 

A A^ A (g) A" 
are trivial Segal cofibrations. 

3. For each semi-simplicial space X and semiSegal space W the internal map- 
ping object W'^ is a semiSegal space. 

4. For each semi-simplicial space X and trivial Segal cofibration Y' ^ Y the 
induced map 

X ®Y' ^ X ®Y 
is a trivial Segal cofibration. 

Proof. Since every object in Scg is cofibrant (2) is a particular case of (1). Using 
the cxponcntal law wc deduce that (2) ^ (3) and (3) (4). Hence it is enough 
to show (4) ^ (1). Let A' — > A be a cofibration and Y' — > Y a trivial Segal 
cofibration. Assuming (4) we get that the map 

X®Y' ^[X®Y'] \[ [A' ® Y] 

X'®Y' 
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is a pushout along a Segal trivial cofibrations, and hence itself a trivial Segal 
cofibration. Again from (4) we get that the map 

X ^Y' — > X ®Y 

is also a trivial Segal cofibration. Applying the 2-out-of-3 rule wc now get that 
the map 

h:[X(E)Y'] Y[ [X'(g>Y]—^X(E)Y 

X'i»Y' 

is a Segal weak equivalence and hence a trivial Segal cofibration. 

□ 

Hence in order to prove the compatibility of (g) with the Segal model structure 
it is enough to prove the following; 

Proposition 3.4.4. Let X be a semi-simplicial space. Then the maps 

p : a: Af X (g) A" 
are trivial Segal cofibrations. 

Proof. Since X can be obtained as a sequential colimit of inclusions of finite di- 
mensional semi-simplicial spaces (and hence also the homotopy colimit of them) 
we see that it is enough to prove for finite dimensional X. Proceeding with the 
reductionist approach we note that any finite-dimensional semi-simplicial space 
can be built up from by successively performing pushouts along maps of the 
form 

K (g! 9A™ ^K® A™ 

for AT G S. This means that X (g) A" can be built from A A" by successively 
performing pushouts along maps of the form 

[K ® aA" ® A"] Y[ A" g) Ap] a: A" ® A" 

In view of Remark [3 . 4 . 1 1 we see that it will be enough to prove that the inclusions 
[9A™ A"] Y[ ® A™ ® A" 

are trivial Segal cofibrations for every n,m,l > such that < / < n. For later 
applications it will be useful to prove a slightly more general result. 

Definition 3.4.5. We will say that a horn inclusion 

AJ* c A" 

is a right (respectively left) horn inclusion ii I < (respectively / > 0). In 
particular, inner horn inclusions are those which are both right and left horn 
inclusions. 
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We will now prove the following: 
Lemma 3.4.6. Let 

Af c A" 

be an inner (right) horn inclusion. Then for each m > the semi-simplicial set 
A™ ® A" can be obtained from the semi-simplicial set 

X = 9A" ® A" ]J A" 

by successively performing pushouts along inner (right) horn inclusions of di- 
mension > max(n, m + 1). 

Proof. According to Remark l2. 1.41 the fc-simplices of A™ (E> A" are in one-to-one 
correspondence with injective order preserving maps 

a = if, g) : [k] — > [m] x [n] 

We will say that a fc-simplex of A™ ® A" is full if it is not contained in X. If 
we describe our fc-simplex by a map a = (/, g) as above this translates to the 
condition that / is surjective and that the image of g contains {0, ...,n} \ {/} 
(so that g is either surjective or misses Our purpose is to add all the full 
simplices to X in a way that involves only pushouts along inner horn inclusions. 
For this we distinguish between two kinds of fc-simplices of A™ ® A": 

Definition 3.4.7. Let 

o- = (/, g) ■■ [k] — > [H X [n] 
be a full fc-simplex of A™ ® A". We will say that a is special if g~^{l) ^ and 
/(ming-i(/)) =/(max5-i(/-l)) 

Otherwise we will say that a is regular. 

Now for i = 0, ...,m 4- 1 let Xi denote the union of X and all special 
(i + n — l)-simplices of A™ ® A". We now claim the following: 

1. Xo = X. 

2. For i = 0,...,TO the semi-simplicial set Xi^i is obtained from Xi by a 
sequence of pushouts along inner horn inclusions of dimension i + n. 

3. X,n+i = A™(g)A". 

The first claim just follows from the fact that there are no special simplices of 
dimension less than n. Now A^i+i is the union of Xi and all special (i -\- n)- 
simplices. Hence in order to prove the second claim we will need to find the 
right order in which to add these special {i -t- n)-simplices to Xi. We will do 
this by sorting them according to the following quantity: 
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Definition 3.4.8. Let 



<y = if, g) ■■ [k] — > [^n] X [n] 
be a full fc-simplex of A™ eg) A" . We define the index of a to be the quantity 

ind(cr) ^k + l-n - \g^^{l)\ 

Note tliat for a general full simplex the index is a number between and 
k + 1 — n. By definition we see that for a special fc-simplex the index is a 
number between and k ~ n. 

Now fix an I = 0, ...,to and for each j ~ 0, + 1 define Xij to be the 
union of Xi and all special (i + n)-simpliccs a whose index is strictly less than 
j. Wc obtain a filtration of the form 

Xi ~ Xifi C Xi^i C ... C Xi^i^i ~ 

We will show that if ct is a special (i + n)-simplex of index j then the intersection 

a n X^^j 

is an inner horn of a. This means that Xi^^i can be obtained from Xij by 
performing pushouts along inner horn inclusions of dimension m + i, implying 
the second claim above. We start by noting that if t = (/, .9) is a regular 
fc-simplex then r is a face of the special (fc + l)-simplex 

O" (/ ° S„iaxg-i(;-l),5 ° Sming-i(i)) 

where Sr ■ [k + 1] — [fc] is the degeneracy map hitting r twice. Furthermore we 
see that ind(cr) = ind(T). This means that Xij contains in particular all regular 
(i + n — l)-simplices whose index is < j. Since taking faces cannot increase the 
index we see that an {i + n — l)-simplex r is contained in Xi_j exactly when r 
is not regular of index > j. 

Now let a = (/, g) be a special (i + n)-simplcx of index j and let r be the 
{i + n~ l)-face of a which is apposed to the v^th vertex for v = 0, ...,i + n. Then 
we see that r will be regular of index > j if and only if w = min in which 

case ind(T) = ind(CT) = j. Since g is surjective we get that 

< min,9"^(/) < i + I < i + n 

and so Xij n cr is a right horn of a which is inner if ^ < n. 

It is left to prove the third claim, i.e. that X^+i = A™ (E> A". From the 
considerations above we see that X^+i contains all full fc-simplices for fc < n + j 
(as well as all special (n + i)-simplices). Since all the full (m + n)-simplices are 
special we get that Xm+i contains all full simplices of A™ (g) A" of dimension 
up to m + n, yielding the desired result. 

□ 

This completes the proof of Proposition 13.4.41 □ 
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4 Quasi-unital SemiSegal Spaces 



In this section we will introduce and study the notion of quasi-unital semiSegal 
spaces. These semiSegal spaces correspond to quasi-unital oo-categories, i.e. 
non-unital oo-categories in which each object has an identity-up-to-homotopy 
in an appropriate sense. Such identities will be called quasi-units. 

We will begin in §§ 14.11 where we will explain how the notions of equiv- 
alences and quasi-units are encoded in the semiSegal formalism. In §§ 14.21 
we will define a topological category QsS consisting of quasi-unital semiSe- 
gal spaces and unital maps between them and study a natural notion of weak 
equivalences on QsS, namely that of a Dwyer-Kan equivalence. 

The oo-category obtained by localizing QsS with respect to DK-equivalences 
is our proposed model for the oo-category of small quasi-unital oo-categories. In 
i)i) l4.3l we will show that when restricted to quasi-unital semi-groupoids (i.e. 
quasi-unital semiSegal spaces in which every morphism is invertible) this corre- 
sponding localized oo-category is equivalent to the oo-category of oo-groupoids. 
This proves the groupoid version of the main theorem ll.0.5[ and will be an 
important step towards the general case. 

4.1 Equivalences and Quasi-units 

Let X be a semiSegal space. In section 13.11 we saw that the homotopy- 
composition in X can be described in terms of correspondences. In particular, 
if x,y, z G Xq are points and / : x — > y is a morphism in X from x to y (i.e. an 
edge / G Xi with vertices x, y) then we have right-composition-by-/ map-like 
correspondence 

Mapx{z,x) 4^ Cf:, ^ Map;f(z,2/) 
and a left-composition-by-/ map-like correspondence 

Map_Y(y,z) ^ Cf^^ Map^(x,z) 

We want to define properties of / via analogous properties of the correspon- 
dences C^^,Cj^. In particular we will want to define when a morphism is a 
quasi-unit and when it is invertible. For this we will need to first understand 
how to say this in terms of correspondences. 

Recall that from each space X to itself we have the identity correspon- 
dence X X X. We will say that a correspondence X *^ C X 
is unital if it is equivalent to the identity correspondence (see §S 13.11 for the 
definition of equivalence). It is not hard to check that a correspondence as above 
is unital if and only if both tp, ijj are weak equivalences and are homotopic to 
each other in the Kan model structure. 

We will say that a correspondence X <^ C Y is invertible if it admits 

an inverse, i.e. if there exists a correspondence Y <^ D X such that the 
compositions 

X < — C xy D — > X 
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and 

Y i — DxxC — >Y 

are unital. 

Remark 4.1.1. Note that if a correspondence 

is map-like (i.e. if ip is invertiblc) then it is equivalent to a correspondence of 
the form 

Xi^D^Y 

such that / represents the class [ip] o [(p]^^ in the Kan homotopy category. In 

this case the invcrtibility of X <^ C Y is equivalent / being a weak 
equivalence, i.e. to -0 being a weak equivalence. 

Now let X be a semiScgal space. Through the point of view of correspon- 
dences we have a natural way to define invcrtibility and unitality of morphisms: 

Definition 4.1.2. 1. Let x^y G Xq be two objects and / : x — > y a mor- 
phism in X. We will say that / is right-invertible if for every z G Xq 
the right composition correspondence 

Map^(z,a;) i — C^^ — > Mapx(z,y) 

is invertiblc. Similarly one says that / is left-invertible if for every 
z G Xq the left composition correspondence 

Map^(y,z) ^ Cj^ Map;f(.T,z) 

is invertible. We say that / is invertible if it is both left invertiblc and 
right invertible. 

2. Let X G Xq be an object and / : x — > x a morphism in X . We will say 
that / is a quasi-unit if for each z G the correspondences 

Map_Y(a;, z) < — Cf ^ — > Map^(x, z) 

and 

Ma.px{z,x) < — Cf . — > Map^( z, X) 

are unital. 

Remark 4.1.3. From Remark 14.1.11 we see that a morphism / : x — > y in X is 
invertible if and only if for each z G Xq the restriction maps 

C^, — >Map^(z,y) 
Cf^, ^Miipx{x,z) 



are weak equivalences. 
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Invertible morphisms can be described informally as morphisms such that 
composition with them induces a weak equivalence on mapping spaces. Note 
that the notion of invertibility does not presupposed the existence of identity 
morphisms, i.e. it makes sense in the non-unital setting as well. 

We will denote by 

xi"^ c Xi 

the maximal subspace spanned by the invertible vertices / e (^i)o- Using 
Reedy fibrancy it is not hard to show that if f, g G Xi are connected by a path 
in Xi then / is invertible if and only if g is invertible. Hence is just the 
union of connected components of Xi which meet invertible edges. 
Wc will denote by 

Mapr(a:,y) = {x} xx„ Xr {y} C Map;f(x,y) 

the subspace of invertible morphisms from x to y. 
Remark AAA. 

Remark 4.1.5. Let X be a semiSegal space and / : x — > y he a morphism in 
X. The right-invcrtibility of / can be phrased without quantifying over z by 
saying that the fibration 

{cr e X2 I <t\^{i.2} = /} ^ {g e Xi I = y} 

is a weak equivalence. Similarly, the left-invertibility of / can be phrased by 
saying that the fibration 

{o- G I ct|a{o,i} = /} ' ^1^'"' {g e Xi I g\^{o} = x} 

is a weak equivalence. One way to see it is to note that the triviality of a 
fibration can detected on the fibers - if all the fibers of the above fibration are 
weakly contractible then all the fibers of the fibrations 

C^, — >Map;f(z,y) 

C^^, ^Map_y(a;,z) 

are weakly contractible, and vice- versa if we quantify over z. 

The notion of invertibility can be used in order to obtain a non-unital ana- 
logue of the notion of an 00-groupoid; 

Definition 4.1.6. Let X be a scmiSegal space. We will say that X is a semi- 
groupoid if XY" = Xi. 

Remark 4.1.7. In view of Remark 14.1.51 it is not hard to see that a semiSegal 
space X is a semi-groupoid if and only if the (fibrations) maps 

Map(A^X) — > Map(A^,X) 
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and 

Map(A^X) — > Map(A^,X) 

are weak equivalences. In particular being a semi-groupoid can be phrased as a 
locality condition. 

The following collection of lemmas describes some basic expected features of 
invertiblc morphisms and quasi-units: 

Lemma 4.1.8 (two-out-of-three). Let a : — > X be a triangle with two of 
the edges being invertible. Then the third edge is invertible as well. 

Proof. Applying Lemma [3.2.41 and Remark 14.1.11 the claim is reduced to the fact 
that invertible map-like correspondences satisfy the two-out-of-three property, 
which is clear. □ 

Lemma 4.1.9. Let f : x — > y be a morphism in X such that there exist 
triangles of the form 




and 

X 




y 



such that q and r are quasi-units. Then f is a invertible. 

Proof. Applying Lemma r3.2.4l and Remark 14.1.1 1 the claim is reduced to showing 
that if a map-like correspondence F has both a left inverse and a right inverse 
then it is invertible. Again this is quite immediate from the definition. □ 

Lemma 4.1.10. Let a : — > X be a triangle of the form 




such that f is invertible. Then q is a quasi-unit. 

Proof. Applying Lemma r3.2.4l and Remark 14.1.1 1 the claim is reduced to showing 
that if Q, F are correspondences such that Q o F c:^ F then Q is unital. Again 
this is easy to verify. □ 

Corollary 4.1.11. Let X be a semiSegal space and x G Xq a point. Then x 
admits a quasi-unit if and only if there exists an invertible morphism with source 

X. 
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Now let X be a semiSegal. We will denote by X^^ C Xi the space of quasi- 
units. We have a map d : X'^^ — >■ Xq given by either do or di (which coincide 
on Xj*"). If a; G Xq is a point then we will denote by C Xj'" the fiber 
d~^{x), i.e. the space of quasi-units of x. It is an easy exercise to show that 
is a union of connected components of Mapj(-(a;, x), i.e. that the property 
of being a quasi-unit is preserved under homotopy. 

Lemma 4.1.12. Let X be a semiSegal space and x G Xq a point. If X^^ is not 
empty then it is connected. 

Proof. Let qi,q2 '. x — > x be two quasi-units. We need to show that qi, q2 are in 
the same connected component of X^^. Since is a union of components of 
Mapjf {x, x) it is enough to show that qi , (72 are in the same connected component 
of Mapx(a;, x). 

Now from the Segal condition there exists a triangle of the form 




X ■ 

for some 53 : x — > x. Now since 

Ma.pxix,x) i — C^^ ,^ — > Map^(a;,a;) 

is a unital correspondence we get that qi and (73 are in the same connected 
component of Mapj(-(x, cc). Similarly since 

Ma.px{x,x) < — C^^ — > Ma.pxix,x) 

is a unital correspondence we get that q2 and 53 are in the same connected 
component of Map^(a;,a;). This means that qi,q2 are in the same connected 
component of Ma,px(x,x) and we are done. □ 

4.2 Quasi-unital semiSegal spaces 

We start with the basic definitions: 

Definition 4.2.1. Let X be a semiSegal space. We will say that X is quasi- 
unital if every xo G Xq admits a quasi-unit from xo to xq. We say that a map 
/ : X — > Y of quasi-unital semiSegal spaces is unital if it maps quasi-units to 
quasi-units. We will denote by 

QsS 

the topological category of quasi-unital scmi-simplicial spaces and unital maps 
between them. 

Remark 4.2.2. Let ^p : X — > F be a map between quasi-unital semiSegal spaces 
and let x £ Xq a point. From Lemma 14.1.121 one sees that cp maps quasi-units 
of x to quasi-units of (p{x) if and only if ip maps at least one quasi-unit of x 
to a quasi-unit of ^p{x). 
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Remark 4.2.3. If X is quasi-unital then the non-unital category Ho(X) has units 
and so can be considered as a (unital) category in a unique way. 

Example 4.2.4. Recah the scmiSegal space Cob" defined in ijii 13.31 It is not hard 
to show that Cob" is quasi-unital. Recall that the space of objects Cob"o = 
Cobp consists of pairs (Af, tq) where tq £ M and M is a submanifold oiV x{tq}. 
In particular if M is a submanifold of V and tq < ti £ M are numbers then we 
can interpret M as a submanifold of both V x {tq} and V x {ti}. Furthermore 
we have a subcobordism 

M X [ro,Ti] C 1/ X [ro,Ti] 

from (M, To) to {M, ti). It is not hard to show that this cobordism is an invert- 
ible morphism in the semiScgal space Cob (in the sense of definition I4.1.2p . 
To see this, note that even though Cob" is not Reedy fibrant the various face 
maps in it are fibrations. This means that their fibers have the "correct" homo- 
topy types, i.e. the homotopy types they will have after passage to the Reedy 
fibrant model. 

Now using Remark 14.1.51 one can express the invertibility of a morphism 
using a map between two fibers of face maps. For example, the left-invertibility 
of M X [tq, Ti] is the claim that for each T2 > ti the map 

{a e Cob"(l^,{To,Ti,T2}) I an (1/ X [to,ti]) = il/ x [to,ti]} 

{g e Cob" {V, {to, T2}) \gn{Vx {to}) = M} 

is a weak equivalence, which can be proved using standard technics 
that every object in Cob has an invertible morphism out of it 
larv 14.1.11] we see that Cob is quasi-unital. 

4.2.1 Dwyer-Kan Equivalences 

Wc will be interested in studying the category QsS after localization by a cer- 
tain class of weak equivalences, called Dwyer-Kan equivalences. This is a 
direct adaptation of the notion of DK-equivalence of oo-categories to the quasi- 
unital setting. We propose to model the oo-category of (small) quasi-unital 
cxD-categories as the localization of QsS by DK-equivalences. Alternatively, one 
can think of this object as a relative topological category (QsS,DK) where DK 
denotes the class of DK-equivalences. We will give (QsS,DK) an equivalent 
model in §[S]in the form of complete semiSegal spaces. 

We start with a slightly more general notion of fully-faithful maps: 

Definition 4.2.5. Let / : X — > Y be map of scmiSegal spaces. We will say 
that / is a fully-faithful for all a;, y e the induced map 

Ma.Y>x{x,y) — > Mapy(/o(x),/o(y)) 
is a weak equivalence. 



. This means 
. By Corol- 
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The notion of Dwyer-Kan equivalences will be obtained from the notion of 
fully- faithful maps by requiring the appropriate analogue of "essential surjec- 
tivity" . For this let us introduce some terminology. 

Definition 4.2.6. Let x,y € Xq be two points. We say that x and y are 
equivalent (denoted x 2± y) if there exists an invertiblc morphism / :G X™^ 
from X to y. 

Lemma 4.2.7. Let X be a quasi-unital semiSegal space. Then ~ is an equiv- 
alence relation. We will refer to the corresponding set of equivalence classes as 
the set of equivalence-types of X . 

Proof. Having quasi- units implies rcflcxivity. Lemma 14.1.81 then gives transitiv- 
ity and for symmetry one uses the fact the if / : a; — >■ y is an invertible mor- 
phism and q : x — > cc is a quasi-unit then there exists a triangle a : — > X 
of the form 

y 

f / \ 9 




where g is invertible by Lemma 14.1.81 □ 

Lemma 4.2.8. Let X be a quasi-unital semiSegal space and x, y G Xq points 
in the same path- component of Xq. Then x ~ y. 

Proof. Let q : x — > x be a quasi-unit. Consider the fibration 

j^inv ^ -^^ ^ 

restricting this fibration to {x} x Xq we get a fibration 

{x} X Xo 

where 

^ {f e xridoif) = x} 

Now let 7 : / — > Xq be a path from x to y. Considering 7 as a path in {x} x Xq 
from {x,x) to {x,y) we can lift it to a path 7 : / — > starting at 9 € X™^ 
and ending at some / : X™^ satisfying do(/) — x and di{f) = y. Hence x ~ y 
and we are done. □ 

Definition 4.2.9. Let / : X — > y be a map between quasi-unital semiSegal 
spaces. We will say that / is a Dwyer-Kan equivalence (DK for short) if it 
is fully faithful and induces a surjectivc map on the set of equivalence- types. 

Remark 4.2.10. A DK-equivalence / : X — > Y is automatically a unital map. 

Remark 4.2.11. One can replace the surjectivity condition on equivalence types 
with / inducing an equivalence of homotopy categories Ho(X) — Ho(y) (see 
Remark 
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Lemma 4.2.12. Let 



be a sequence of maps of quasi-unital semiSegal spaces. If both g o f and hog 
are DK-equivalences then all of f,g,h are DK-equivalences. 

Proof. Follows from the analogues statement for mapping spaces and liomotopy 
categories (see Remark l4.2.1ip . □ 



4.3 Quasi-unital Semi-groupoids 

Let 

GsS C QsS 

be the full subcategory spanned by semi-groupoids. Then the localization of 
GsS by DK-equivalences can serve as a model for the oo-category of quasi-unital 
semi-groupoids. 

In this subsection we will study this localized category via the geometric 
realization functor X \X\. Note that the realization functor 

I . I : S"^" S 

has a right adjoint 

n : s ^ s^"" 

given by 

n(Z)„=Map5(|A"|,Z) 

for Z G S. When Z is a Kan complex then the semi-simplicial space Il{Z) is 
Reedy fibrant, and one can easily verify that it satisfies the Segal condition. In 
fact, in this case n(Z) will be a semi-groupoid. We will refer to Ii{Z) as the 
fundamental semi-groupoid of Z. Note that n(Z) naturally extends to a 
simplicial space, yielding an honest cx)-groupoid (known as the fundamental 
cxD-groupoid of Z). 

Let K C § be the full subcategory spanned by Kan complexes. For a space 
Z G § let us denote hy Z € K the (functorial) Kan replacement of Z. The 
functor • is then homotopy-left adjoint to the full inclusion K C §. Furthermore, 
it exhibits K as the left localization of § with respect to weak equivalences. 

From the above considerations we see that the adjoint pair 

I , I : §^7 ^ S : n 

induces a homotopy-adjoint pair 

jTj : GsS ^ K : n|K 

Since the category As is weakly contractible we get that the functor n| k 
is actually fully-faithful, i.e. induces an equivalence between K and the full 
subcategory of GsS spanned by its image. Hence we can consider | • | as a 
left localization functor. The class of morphisms by which it localizes are the 
morphisms which it sends to equivalences. 
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Remark 4.3.1. It is worthwhile to obtain a simple characterization of the es- 
sential image of the functor 11 : K — > GsS (which can be called homotopy- 
constant objects). Note that for any scmi-groupoid of the form n(Z) the two 
maps 

do,di :n(z)i ^n(z)o 

are weak equivalences. We claim that this condition is also sufficient: if X is a 
semi-groupoid such that 

do,di : Xi — > Xq 

are weak equivalences then the Segal condition implies that for every / : [k] — > 
[n] in As the map 

/* : Xn — > Xk 

is a weak equivalence. Since the category As is weakly contractible this will 
imply that the map 

X^ — > l-'^l — hocolimA, X 
is a weak equivalence and hence that the unit map 

is a levelwise equivalence. 

In this section we will prove that this class of equivalences are exactly the 
DK-equivalcnccs (Theorem 14.3. lOp . This means that | • | serves as left local- 
ization functor with respect to DK-equivalences between quasi-unital semi- 
groupoids. We can frame this theorem as follows: 

Theorem 4.3.2. The oo-category of quasi-unital semi-groupoids (i.e. the local- 
ization o/GsS by DK-equivalences) is equivalent to K. The equivalence is given 
by sending a semi-groupoid X to the Kan replacement of its realization \X\. 

Note that this is exactly what happens in the case of unital cxD-groupoids 
(where the realization functor is sometimes referred to as classifying space). 
In particular, quasi-unital and unital oo-groupoids have the same homotopy 
theory, i.e. the homotopy theory of Kan complexes. Hence we get the main 
conclusion of this subsection: 

Theorem 4.3.3. The forgetful functor induces an equivalence between the oo- 
category of oo-groupoids and the oo-category of quasi-unital semi-groupoids. 

Remark 4.3.4. In the unital case one has a slightly nicer situation because 
the realization of a groupoid (i.e. a Segal space in which all morphisms are 
invertible) is automatically a Kan complex. This is not true for general semi- 
groupoids. However, this part is not essential in any way to the general theory. 

Now before we get to Theorem 14.3.101 we need some basic terminology. We 
will say that X is connected if for each x,y ^ Xq one has Map-^{x,y) ^ 0. 
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Every connected semi-groupoid is quasi-unital (see Corollary 14.1. lip and ev- 
ery quasi-unital semi-groupoid is a levelwise disjoint union of connected semi- 
groupoids (see Lemma [4. 2. 7p . We will refer to these as the connected compo- 
nents of X. Since geometric realization commutes with coproducts we see that 
\X\ will be a disjoint union of the realizations of the connected components of 
X. 

The core argument for proving Theorem 14.3.21 is a generalization of Segal's 
theorem (see |Seg| and [Pup]) to semi-simplicial spaces X for which Xq is not 
necessarily contractible (the proof is a slight modification of the proof for this 
special case): 

Theorem 4.3.5. Let X he a connected semi-groupoid and let xo £ Xq he a point. 
We will consider Xq as a point in \X\ via the natural inclusion Xq ^ \X\. Then 
\X\ is a connected space and the natural map 



Mapx(a;o, xo) — > fl [\X\,xo _ 
is a weak equivalence. 

Proof. We will rely on the main result of |Pup| which can be stated as follows: 

Theorem 4.3.6. Let X,Y he two semi-simplicial spaces and let ip : X — > Y 

he a map such that for each f : [k] — >■ [n] in As the square 



r 



is a homotopy pullhack square. Then the square 

Xo \X\ 



Yo \Y\ 

is a homotopy pullhack square as well. 

Now let X G Xq be a point. Define the path semi-groupoid P(X, x) as 
follows: 

P{X,x)n = {a G Xn+i\do{a) = x} C Xn+l 

It is not hard to see that P{X, x) is also a semi-groupoid. We have a natural 
map 

p : P{X,x) — > X 

which maps a £ P{X,x)n to cr|^{i, G X„. Note that for each n the map 

Pn : P{X,x)n y Xn 
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is a fibration whose fiber over a G X„ is homotopy equivalent to the mapping 
space 

Map^(a;,cr|^{o}) 

Furthermore it is not hard to see that for each / : [k] — > [n\ in As the 
square 

/* 



P{X,x) 



r 



Pk 



is a homotopy puUback square. Hence by Puppe's Theorem 14.3.61 the square 

P{X, x)o ^\P{X, x)\ 



Pa 



Xn 



\x\ 



is a also homotopy pullback square. Since the map po : P{X,x)o — > Xq is 
a fibration we get that the for each x S Xq the square above induces a weak 
equivalence from Pq^{x) = Mapx(xo, x) to the homotopy fiber of the map 

\PiX,x)\ \X\ 

over the image of x. Hence we get a homotopy fibration sequence 

Map^(a;,a;) — > \PiX,x)\ — > \X\ 

This homotopy fibration sequence admits a map to the " geometric" path- fibration 
sequence 

Ma^p^ix, x) \P{X, x)\ \X\ 



(Jx\,x) 



P \X\.x 



\X\ 



where P^|X|,a;^ is the (contractible) space of paths 7 : / — > \X\ such that 

7(0) = X and the projection map P (^\X\,x^ — > \X\ is the evaluation 7 i->- 7(1). 

Since X is a connected semi-groupoid we get that the space \X\ is connected. 
Hence in order to show that the natural map 



Mapjf(a;,x) — >n{\X\,x 



is a weak equivalence it is enough to show that the space |P(X, a::)| is con- 
tractible. 
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Lemma 4.3.7. The space \P{X^x)\ is contractible. 

Proof. The face maps di, : P{X, x)n — > P{X, x)o induee maps 

P{X,x)n^{P{X,x)or+^ 

which fit together to form a map of semi-simphcial spaces 

PiX,x) — > coskg(P(X,x)o) 

where coskg : S — > S'^--'' is the right adjoint to the functor X, M> Xq. Un- 
winding the definition of P{X, x) and using the fact that X is a semi-groupoid 
we see that this map is actuahy a levelwise weak equivalence. Note that the 
reahzation of a semi-simphcial space coincides with its homotopy colimit and so 
is preserved by levelwise equivalences. Hence it is enough to show that 

coskg(P(X,x)o)| 

is contractible. But this is true because every semi-simplicial space of the form 
coskQ(Z) for Z admits a canonical semi-simplicial nuU-homotopy (g) 
cosko(Z) — >coskg(Z). □ 

This finishes the proof of Theorem 14.3.51 □ 

Corollary 4.3.8. Let X be a semi-groupoid. Then the counit map 

x^n (Jx\^ 

is a DK-equivalence. 

Proof. By Thcorcm l4.3.5l the counit map is fully-faithful. Since the map Xq — > 
\X\ is surjective on connected components we see that the map / is in fact a 
DK-equivalence. □ 

Corollary 4.3.9. Let X be a quasi-unital semi-groupoid. Then X is DK- 
equivalent to the underlying semi-groupoid of an oo-groupoid. 

We are now ready to prove the main result of this subsection: 

Theorem 4.3.10. Let f : X — > Y be a map between quasi-unital semi- 
groupoids. Then f is a DK-equivalence if and only if the induced map 

\X\^\Y\ 

is a weak equivalence. 
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Proof. First note that the connected components of X as a semi-groupoid are 
m bijection with the connected components of |X| as a space. Further more any 
DK-equi valence induces an isomorphism on the set of connected components. 
Hence it is enough to prove the lemma for the case where both X and Y are 
connected and non-empty. 

In this case every map is surjective on equivalence types, so we get that a 
map is a DK-equivalence if and only if it induces an equivalences on mapping 
spaces. Furthermore since X and Y are non-empty semi-groupoids it is enough 
to choose just one point x £ Xq and check whether / induces a weak equivalence 

/* : Ma.pj^{x,x) — Mapy(y,y) 

where y = fo{x). 

Let P{X,x), P{Y,y) be the path semi-groupoids as in the proof of Theo- 
rem Then wc have a commutative diagram of spaces 

Map^f \PiX,x)\ \X\ 



Mapyiy, y) \P{Y, y)\ |y| 

Now the middle vertical map is a weak equivalence because both spaces are 
contractible. Since both \X\, \Y\ are connected we get that the map 

\X\^\Y\ 

is a weak equivalence if and only if the map 

Ma.px{x,x) — > Mapy {y,y) 

is a weak equivalence. Now the map \X\ — \Y\ is a weak equivalence if and 
only if the map \X\ — \Y\ is a weak equivalence and hence the required result 
follows. 

□ 

Wc finish this subsection with an application which wc record for future use. 
Recall that in general geometric realization docs not commute with Cartesian 
products of scmi-simplicial spaces (i.e. levelwise products). The following 
corollary shows that in the specific case of semi-groupoids, geometric realization 
does commute with Cartesian products: 

Corollary 4.3.11. Let X,Y be two quasi-unital semi-groupoids. Then the nat- 
ural map 

\X xY\ — > \X\ X |r| 

is a weak equivalence. 
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Proof. First note that if X, Y are semi-groupoids then X x "K is a semi-groupoid 
as well. Furthermore we can assume without loss of generality that both X and 
Y are connected and non-empty, in which case X x Y is connected and non- 
empty as well. Let x £ Xq and y G Yq he base points. Then wc have a 
commutative diagram 

MapxxF((2:,2/), ix,y)) — ^Mapxix,x) x Mapy(y,y) 



i^\X X Y\j [\X\j X Qy i^\Y 

in which the upper horizontal map is an isomorphism and the two vertical maps 
are weak equivalences by Theorem 14.3.51 This means that the lower horizontal 
map is a weak equivalence. 

Composing the horizontal map with the natural isomorphism 



. (\X\) X Qy - (\X\ X \Y\) 



and using the fact that \X\ and \Y\ are connected and non-empty we get that 
the map 

— ^ jxj X 

is a weak equivalence. This implies that the map 

\X xY\ — > \X\ X |r| 
is a weak equivalence as desired. □ 



5 Quasi-unital semiSegal Spaces in the Marked 
Setting 

In this section wc will study quasi-unital semiSegal spaces in the setting of 
marked semi-simplicial spaces. Wc begin with the following basic observa- 
tion: 

Proposition 5.0.12. Let (p : X — > Y be a map between quasi-unital semiSegal 
spaces. The following are equivalent: 

1. if is unital. 

2. (p sends invertible edges to invertible edges. 

Proof. First assume that ip sends invertible edges to invertible edges and let 
X G Xq a point. Since X is quasi-unital there exists a quasi-unit q : x — > x. 
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Since every quasi-unit is invertible there exists a triangle of the form 




By Lemma 14.1.101 we get that is a quasi-unit. The map Lp then sends this 
triangle to a triangle of the form 



ip{x) 




By Lemma [4. 1.1 01 wc get that f{q') is a quasi-unit. Hence by Remark 14.2.21 we 
get that ip maps quasi- units of x to quasi- units of ^p{x). 

Now assume that is unital and let / : x — > y be an invertible edge. Since 
X is quasi-unital there exist quasi-unit q : x — > x and r : y — > y. Since / is 
invertible there exist triangles of the form 




and 

X 




y ^ y 

Applying tp to these triangles and using the fact that ip{q), y^{r) are quasi-units 
we get from Lemma 14.1.91 that ip{f) is invertible. This finishes the proof of 
Proposition 15.0.121 

□ 

Remark 5.0.13. By a similar argument one can show that the two equivalent 
conditions of Proposition l5 .0 . TI\ are equivalent to the seemingly weaker condition 
of ip sending quasi-units to invertible edges. 

Now from Lemma 15.0.121 we get that we can think of unital maps alterna- 
tively as maps which preserve equivalences. This observation can be used in 
order to describe unital maps in terms of marked maps. For this we will need 
the following definition: 

Definition 5.0.14. Let X be a quasi-unital semiSegal space. We will denote 

by 

= {X, XY") 
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the marked semi-simplicial space having X as its underlying semi-simphcial 
space such that the marked edges are exactly the equivalences. 

Now let f : X — > y be a unital map between two quasi-unital semiSegal 
spaces. Then we get that / induces a marked map 

f^:X^,^ 

Furthermore, the entire space of unital maps from X to y can be identified with 
the space of marked maps 

Map+ (X\y^) 

This means that the association X i-^ X'^ identifies the topological category 
QsS with a full subcategory 

Qss c s;^"'' 

Definition 5.0.15. Let be a marked semi-simplicial space. We will say that 
W is quasi-unital if it belongs to the essential image of QsS, i.e. if there exists 
a quasi-unital semiScgal space X such that 

W^X'^ 

In other words, a marked semiSegal space is quasi-unital if the underlying 
semiSegal space is quasi-unital and in addition all invertible edges are marked. 

Definition 5.0.16. We will say that a map / : W — > Z of quasi-unital marked 
semiScgal spaces is a DK-equivalence if the corresponding map of quasi-unital 
semiSegal spaces is a DK-cqui valence. 

The purpose of this section is to translate the above embedding into useful 
tools for manipulating quasi-unital semiScgal spaces. Our first order of business 
is to construct a good notion of marked semiSegal spaces. This will be 
achieved in i;^ 15.11 where we will localize the marked model structure on S^" 
in an analogous way to the Segal localization of the Reedy model structure 
on S = . The fibrant objects in this model structure will be called marked 
semiSegal spaces. We will then show that this localization is compatible 
with the marked monoidal product (g). This will give us a good notion of internal 
mapping objects between marked semiSegal spaces. 

In §§ 15.21 we will study the notion of fully-faithful maps in the context of 
marked semiSegal spaces. We will apply the results of this subsection in §§ 15.31 
where we will show that the mapping object between two quasi-unital marked 
semiSegal spaces is again quasi-unital. This will show that QsS has a good 
notion of internal mapping objects. 

In 15.41 we will study a dual notion to DK-equivalences in the context of 
marked semi-simplicial spaces. The main result shows that a certain interesting 
family of maps are DK-anodynes. Finally in S§ 15.51 we will employ the various 
tools developed so far in order to define and study a notion of categorical 
equivalences between quasi-unital semiSegal spaces. The results of these last 
two subsections will be essential in § [6] in order to construct the localization of 
QsS with respect to DK-equivalences. 
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5.1 Marked semiSegal Spaces 

Recall the marked model structure on described in § 12.21 In this 

section we will localize this model structure in order to study semiSegal spaces 
in a marked setting. We start with the basic definitions: 

Definition 5.1.1. Let {W, M) £ S_|_' be a marked-fibrant object. We will 
say that {W, M) is a marked semiSegal space if the following conditions are 
satisfied: 

1. W is a semiSegal space. 

2. Every marked edge of {W,M) is invertible, i.e. M C . 

3. M is closed under 2-out-of-3, i.e. if there exists a triangle a £ W2 with 
two marked edges then the third is marked as well. 

Example 5.1.2. Let be a quasi-unital semiSegal space. Then W'^^ is a marked 
semiSegal space. In particular we can consider QsS is a full subcategory of the 
(topological) subcategory spanned by marked semiSegal spaces. 

Remark 5.1.3. In light of Remark 14.1.1 II we see that a marked semiSegal space 
W is quasi-unital if and only if every object wq S Wo has a marked edge out 
of it and all the invertible edges are marked. 

Definition 5.1.4. We will say that is a marked semi-groupoid if W is a 

marked semiSegal space in which all edges are marked. Note that in this case 
the underlying semiSegal space will be a semi-groupoid. 

As for the non-marked case, the property of W being a marked semiSegal 
space can be described in terms of locality with respect to a certain set of maps. 
In order to describe this conveniently we will need a bit of terminology. 

We will use the phrase marked horn inclusion to describe an inclusion of 
marked semi-simplicial sets of the form 

such that A ~ Bn (A")i . We will be interested in the following kinds of marked 
horn inclusions: 

Definition 5.1.5. We will say that a marked horn inclusion 

(Ar,^)C(A",S) 

is admissible if B = ^ and in addition one of the following three conditions 
is satisfied: 

1. <i <n and A = 0. 

2. i = Oandyl=={A^"'i>}. 

3. i^n and A ^ {a{"-i,"}}. 
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Proposition 5.1.6. Let {W,M) G S^'^ be a marked- fihrant object. Then 
{W^M) satisfies properties (1), (2) of Definition \ 5.1.1\ if and only if {W,M) 
is local with respect to all admissible marked horn inclusions. More explicitly, 
if for all admissible marked horn inclusions 

(Ar,A)c(A",A) 

the restriction map 

Map+((A",A),(W^,M)) Map+((Ar,A),(W^,M)) 
is a weak equivalence. 

Proof. First assume that [W, M) is local with respect to all admissible marked 
horn inclusions. This includes in particular the case of inner horn inclusions 

(AD' c (A")' 

which implies that W is a semiScgal space. Next since {W,M) is local with 
respect to 

(Ag,{A{o^i}})^(A^{A{o-i>}) 

and 

(Ai{A{i^^}})^(A^{A{i-2>}) 

we get from Remark gXS that M C W'^'" . 

Now assume that [W, M) is a marked semiScgal space and let 

/:(Ar,A)C(A",A) 

be an admissible marked horn inclusion. If < i < ri or if n = 2 then {W, M) 
is local with respect to / by the same considerations as above. Hence wc can 
assume that n > 2 and i G {0, n}. We will prove the case i = n and leave the 
analogous i ~ case to the reader. 

Consider the spine Sp„ C A^. Note that A = |A'f"~^'"'^} is contained in 
(Sp„)i and that the restriction map 

Map+((A", A), (W^, M)) — > Map+((Sp„, A), (W^, A/)) 5^ M^i XM/o-XiyoW^i Xw-oA^ 

is a weak equivalence. The desired claim will then follow by induction from the 
following Lemma: 

Lemma 5.1.7. Let n > 3. Then the marked semi-simplicial set (AJ^,A) can 
be obtained from (Sp„, A) by successively performing pushouts along admissible 
marked horn inclusions of dimension < n. 

Proof. Let / = {0, n} \ {n — 1} and consider the sub marked semi-simplicial 
set 

ATi = (A^)' Y[ (A^"-i'">y C (A", A) 
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Since |/| > 3 we get from Lemma [3.1.51 that Xi can be obtained from (Sp„, A) 
by a sequence of pushouts along admissible inner horn inclusions. 

We will say that a simplex a in A" is good if it contains the edge A^"~^'"J' C 
A". Now for j — 2, n — 1 define Xj to be the union of Xj^i and all good 
j-simplices. One then easily verifies that Xj can be obtained from Xj-i be a 
sequence of pushouts along admissible marked horn inclusions of the form 

(a^:,{a{j"-1'^}}) c (a^{a{^-ij>}) 

and that X^-i = (A;^, A). □ 

□ 

Now let W G S_|^° be a marked-fibrant object. In light of Lemma [5. 1.61 we 
see that W will be a semiSegal space if and only if W is local with respect to 
the set S defined as follows: 

Definition 5.1.8. Let S be the set which contains: 

1. All admissible marked horn inclusions. 

2. All the maps of the form 

where A C (A^)^^ a set of size 2. 

Since the marked model structure is combinatorial and left proper the left 
Bousfield localization of with respect to S exists. In particular, there exists 
a simplicial (combinatorial, left proper) model category Seg_)_ whose underlying 
simplicial category is § = such that 

1. Cofibrations in Seg^ arc the cofibrations of the marked model structure 
(i.e. levelwise injective maps). 

2. Weak equivalences in Seg^ are maps / : X — > Y such that for every 
marked scmiSegal space W the induced map 

Map+(r, W) — > Map(X, W) 

is a weak equivalence. 

Definition 5.1.9. We will denote by MS-equivalences, MS-fibrations and 
MS-cofibrations the weak equivalences, fibrations and cofibrations in Seg^_ re- 
spectively (to avoid confusion compare to the terminology in Definition 12.2.10)) . 

Remark 5.1.10. Let X,Y be semi-simplicial spaces and / : X — > Y a trivial 
Segal cofibration. Then by definition we get that 

:X^ — > Y^ 
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will be a trivial MS-cofibration. In particular we see that the adjunction 

{')' 

Seg ^=z: Seg+ 
• 

is a Quillen adjunction 

The following kind of trivial MS-cofibrations will be useful to note: 

Definition 5.1.11. Let X be a marked semi-simplicial space and B C C C Xi 
two subspaces. We will say that the map 

{X,B)^{X,C) 

is a triangle remarking if {X, C) can be obtained from (Jf, B) by a sequence 
of pushouts along maps of the form 

if (g) (A2,A) if ® (A^)" 

for if G S and |j4| = 2. Note that any triangle remarking is a trivial MS- 
cofibration. 

This notion is exemplified in the following lemma: 
Lemma 5.1.12. For every 1 = 0, the maps 

(A^" (A")" 

is a trivial MS-cofibration. 

Proof. Let M C (A")i be the set of edges that arc contained in A". Then 
(A",Ai) is obtained from (A")" by performing a pushout along an admissible 
marked horn inclusion. The desired result now from the fact that the map 

(A",Ai) (A")* 

is a triangle remarking. □ 

Corollary 5.1.13. If W is a marked semiSegal .space then W (see Defini- 
tion \2.2.18\) is a marked semiSegal space as well. 

Proof. First of all it is clear that W is marked- fibrant (see Lemma r2.2.12p . From 
Lemma 15.1.121 it follows that W is local with respect to all admissible marked 
horn inclusions and so by ProDOsition l5.1.6] satisfies properties (1) and (2) of 
Definition l5.Lll Since clearly the marked edges in W are closed under 2-out-of-3 
we get that is a marked semiSegal space. □ 

Remark 5.1.14. Since all the edges in W are marked we see that is a marked 
semi-groupoid. From Remark 15.1.31 we get that if W is quasi-unital then W 
will be quasi-unital as well. Furthermore in this case the inclusion W CW will 
identify W with the maximal semi-groupoid of W. 
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Now recall that was a monoidal model category with respect to the 

marked monoidal product Cg) (see §§ I2.2.2p . We would like to show that this 
monoidality survives the localization: 

Theorem 5.1.15. The marked Segal model structure is compatible with the 
marked monoidal product ®. 

Proof. Arguing as in Proposition 13.4.31 we see that it is enough to show that if 
X is a marked semi-simplicial space and / : Y — Z is a map in S then the 
induced map 

X — > X (^Z 

is a trivial SM-cofibration. Since X can be obtained as a sequential colimit 
of inclusions of finite dimensional marked semi-simplicial spaces it is enough 
to prove for finite dimensional X. Now any finite-dimensional semi-simplicial 
space can be built up from by successively performing pushouts along maps 
of the form 

and 

K ^ {A')' ^ K ® {A'Y 

for K Cz §■ This means that for each injective map / : Y — y Z the induced 
map 

X(g,Y — > X(g,Z 
can be obtained as a composition of pushouts along maps of the form 



K^idA'^y 



K®{A'" 



^K^iA^y ®Z 



and 



K®{A^)^ ®Z 



n 



K®{A^)^®Y -^K®{A^f®Z 



Since Seg_|_ is simplicial it will be enough to prove that for every / : Y 
in S the inclusions 



{dA'^f ® zj ]J [(A™)^ ® yj (A' 



®z 



and 



{A"] 



>y 



(Ai)°«iF 



are trivial MS-cofibrations. 

We begin by observing that for a pair of inclusions of the form 



f:iX,A)^{Y,A) 
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g:{Z,B)^{Z,C) 
such that /o : — > Yq is surjective the induced map 

[{Z,C)®(X,A)] W [{Z,B)®{Y,A)]^{Z,C)®{Y,A) 

(Z,B)®{X,A) 

is an isomorphism of marked semi-simphcial spaces and in particular a trivial 
MS-cofibration. Hence we just need to prove that the following cases are trivial 
MS-cofibrations: 



1. The maps of the form 
(Ai)«0(A2,A) 



u 

(Ai)''®(A2,A) 



(A^)^ 



A 



fAi^ 



A^ 



fAi 



where |^| = 2 
2. The maps of the form 
(9A")^0(A",A) 



Y[ (A'")'®(Ar,A) 

(aA'")''«)(Ap,A) 



(A")>(A",A) 



where (A", A) '-^ (A", A) is an admissible marked horn inclusion. 

As for case (1) note that this map induces an isomorphism on the underlying 
semi-simplicial sets. Furthermore, the marking on the left hand side contains 
all edges except exactly one edge e G (A^ ® 

Note that each triangle in A^ ® A^ has three distinct edges. Furthermore 
every edge in A^ (g) A^ lies on some triangle. Hence one can find a triangle which 
lies on e such that its other two edges are not e. This means that there exists 
a pushout diagram of marked semi-simplicial sets of the form 

(A2, A) (A2)« 



(A^A)lU(^,),^(^.,^) [(Ai)'®(A 



Since the upper horizontal row is a trivial MS-cofibration we get that the lower 
horizontal map is an MS-cofibration as well. 

We shall now prove case (2) which is basically a marked generalization of 
Lemma l3.4.6l 

Lemma 5.1.16. Let (A", A) ^ (A", A) he an admissible marked horn inclu- 
sion. Then the marked semi- simplicial set (A'") (g)(A", A) can be obtained from 
the marked semi-simplicial set 

X = (9A'"y «)(A",A) Y[ (A")^®(Ar,A) 

(aA")^®(A^,A) 
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by successively performing pushouts along admissible marked horn inclusions. 
In particular, the inclusion 

X C (A™)^«)(A",A) 

is a trivial MS-cofibration. 

Proof. If 7Ti = then the claim is immediate, so we can assume m > 0. In 
this case the marking of (A™)^ (3 (A", A) is the same as the marking of X, 
so that we don't need to worry about adding marked edges in the course of 
performing the desired pushouts. Now if < Z < n then by Lemma 13.4.61 we get 
that (A™)" (g) (A", A) can be obtained from X by performing pushouts along 
admissible inner horn inclusions of the form 

(Af)' c (A^y 

Hence we can assume that I = 0,n. Observing the symmetry between the I = 
and I = n we see that it will be enough to prove for the case I = n. 

In this case we get from Lemma 13.4.61 that A™ (g) A" can be obtained from 
the underlying semi-simplicial set of X by a sequence of right horn inclusions 
(see Definition I3.4.5|) . 

Whenever the the right horn inclusion is inner one can make it into an 
admissible one by applying the functor (•)''. What is left is to verify is that 
whenever we used a non-inner horn inclusion 

c A'= 

then the {k, fc— l}-cdgc of A| was mapped to a marked edge in (A™)''®(A", A). 
For this we will need to recall the proof of Lemma [3.4.61 

Recall the fc-simplices of A™ (E> A" are in one-to-one correspondence with 
injective order preserving maps 

o- = (/, a) ■■ [k] — > [m] X [n] 

We will say that a fc-simplex of A™ (g) A" is full if it is not contained in X. 
Given a full simplex a we will say that a is special if g^^{l) ^ and 

/(ming-i(/)) =/(max5-i(/-l)) 

In particular if cr = (/, g) is special then /, g are surjective. 

Now in the proof of Lemma 13.4.61 we showed that one can add the special 
simplices of A™ (g) A" to X in a specific order such that when we come to add the 
special fc-simplex a we have already added all its faces except the face opposite 
the vertex mva. g~^ il) . Since g is surjective we get that 

< min,9~^(/) < k 
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and so this results in a pushouts along a right horn inclusion. The only case 
where this right horn inclusion is not inner is when g~^{l) = k. By the definition 
of special we then have 

and so the {k — 1, fc}-edgc of a is mapped to a marked edge in (A™)'' (g) (A", A). 
This means that indeed the addition of a can be done by a pushout along an 
admissible horn inclusion. □ 

This finishes the proof of Theorem 15.1.151 □ 

Corollary 5.1.17. Let W be a marked semiSegal space and X a marked semi- 
simplicial space. Then W-^ is a marked semiSegal space and W-^ is a marked 
semi-groupoid. 



5.2 Fully-Faithful Maps 

The purpose of this section is to study the notion of fully-faithful maps in 
the setting marked of semiSegal spaces. The main result is a characterization 
of fully-faithful marked fibrations in terms of a certain right lifting property 
(Proposition 15 . 2^ and various corollaries of this characterization which will be 
used in the following subsections. 

We begin with the basic definition: 

Definition 5.2.1. Let / : {W,M) — > {Z,N) be a map of marked semiSegal 
spaces. We will say that / is fully-faithful if the induced map W — > Z is 
fully-faithful (see DcfInition l4.2.5p and in addition M = f~^{N). For reasons of 
completeness we will always consider a map of the form — > Z as fully-faithful 
(where is the levelwise empty marked semiSegal space). 

Remark 5.2.2. Let / : (W, M) — > {Z, N) be a map of marked semiSegal spaces. 
The condition that / is fully-faithful is equivalent to the condition that the 
diagrams 

Wi ^ Zi 

y 

Wo X Wo ^ Zo X Zq 

and 

M 



Wo X Wo ^ Zo X Zo 

are both homotopy pullback diagrams (recall that in marked semiSegal spaces 
the space of marked edges is always a union of components of the space of 
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edges). Since the maps Z\ — > x and N — !■ Zq x Zq arc Kan fibrations 
this condition is equivalent to 

Zi x^^xzo {Wo X Wo) 

and 

M ^ N xzoxzo (WoxWo) 

being weak equivalences. 

Example 5.2.3. Consider the functor trg : S^' — > S given by tro(W^) = Wq. 
This functor admits a right adjoint 

cosk([ : S — > S^^'' 

given by 

(cosk+(X))„ = X"+i 

and such that all the edges in (cosk(|(X))j^ are marked. Then one sees that 
the mapping space between any two objects in cosk,|(X) is contractible. In 
particular, if f : X — > Y is any map of spaces then the induced map 

cosk+(X) — > cos]4{Y) 

is fully-faithful. 

Example 15.2.31 seems to be quite a degenerate case. However, in some sense 
it is the universal case. More precisely, any fully-faithful map is obtained (up 
to a marked equivalence) by pulling back a map of this form. First note that 
pulling back a fully- faithful map along a marked fibration (see Defi.nition l2.2.10p 
always results in a fully-faithful map: 

Lemma 5.2.4. Let 

X—^W 

f / 



be a pullback diagram such that f is fully-faithful and g is a marked fibration. 
Then f is fully-faithful. 

Proof. First we need to show that the induced map 

^1 — > {^0 X -'^o) X(yoxyo) 

is a weak equivalence. Since X is given by the fiber product of W and Y over 
Z we can write this map as 

WiXz.Yi — > {Wo X Wa)xi^ZoxZa)iYa x Yo)x^Yoxy„)Yi = (Wq x Wo)xi^z„xZo)Yi = 
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(1^0 X Wo) X(z„xZo) ^1 XZi Yi 

Since the map Z — > W is fully-faithful the map 

Wi {Wo X Wo) X(Zoxz„) Zi 

is a weak equivalence. Since the map Y — > Z is marked fibration we get that 
the map Yi — > Z\ is Kan fibration which means that the map 

Wi Fi ^ (Wo X Wo) xzoxzo ^1 xzi n 

is a weak equivalence as desired. The condition on the marking follows from the 
same consideration by replacing X\ , Y\ , Wi and Z\ by the respective spaces of 
marked edges. 

□ 

Definition 5.2.5. Let F be a marked semiSegal space and Xq G S a space 
equipped with a map /o : ^o — > ^o- 

We will denote by P{fo,Y) the puUback in the square 

P(/o,r) -COSk+(Xo) 



Y ^cosk+(ro) 

We will denote by 

p/„ :P(/o,r)^r 

the canonical projection. In view of Example 1 5 . 2 . 3 1 and Lemma r5.2.4l we get that 
Pfg is fully- faithful. Note that if /o is a Kan fibration then pf^ is a marked 
fibration. 

We now claim that every fully- faithful map is essentially of the form P(/o, Y) 
Y for some Y and /p. Let / : X — > F be a map of marked semiSegal spaces 
and consider /q : Xq — > Yq. Then / factors naturally as 

X Ap(/o,r)^y 

Furthermore if / is a marked fibration then both /' and p are marked fibra- 
tions. 

We now have the following simple observation: 

Lemma 5.2.6. Let f : X — > Y be a map of marked semiSegal spaces. Then f 
is fully-faithful if and only if the map 

f : X ^ P{fo,Y) 

as above is a marked equivalence. 
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Proof. By definition we see that / is fully-faithful if and only if the map 

/{ :Xi ^P(/o,r)i 

is a weak equivalence which induces a weak equivalence on the corresponding 
marked subspaces. Since the map 

/^:Xo^P(/o,r)o 

is an isomorphism and both X, P(/o,l") are marked semiSegal spaces we see 
that /{ is a weak equivalence if and only if /' is a levelwise equivalence. The 
additional condition that f{ induces an equivalence on the marked subspaces is 
then equivalent to / being a marked equivalence (see Corollarv l2.2.14l) . □ 

Corollary 5.2.7. A map f : X — >■ Y of marked semiSegal spaces is fully- 
faithful if and only if the induced square 

X >-cosk([(X) 

Y ^coskj(y) 

is a homotopy pullhack square in the marked model structure. 

We can now deduce the main result of this subsection: 

Proposition 5.2.8. Let f : W — > Z he a marked fihration between marked 
semiSegal spaces. Then f is fully-faithful if and only if f satisfies the right lifting 
property with respect to marked cofibrations g : X — > Y such that go : Xq ^ Yq 
is a weak equivalence. 

Proof. First assume that / is fully faithful. Since / : W — > Z is a marked 
fibration we get that the map 

f :W Pifo,Z) 

is a trivial marked fibration. Hence it will suffice to show that the map pf^ : 
P{fo,Z) — > Z satisfied the right lifting property with respect to g. But pf^ 
was pulled back from the map coskJ(Wo) — > coskp (Zo) and so it will suffice 
to prove that the square 

X ^coskJ(Wo) 

a 

Y ^cosk+(Zo) 

admits a lift. By adjunction this is equivalent to the square 

Xo ^T^o 

90 

Yo ^Zo 
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admitting a lift. Since / was a marked fibration we get that /o : Wq — Zq is 
a Kan fibration. Since go is a trivial Kan cofibration the result follows. 

Now assume that / : {W, M) — > {Z, N) satisfies the right lifting property 
with respect to all marked cofibrations g : X — > Y such that go is a weak 
equivalence. Then for each m > we get that / satisfies the right lifting 
property with respect to maps of the form 

[(A\A) ® |9A"|] YL [9Ai |A"|] (A\^) (8) |A"| 
eAi^ioA"! 

Substituting in yl = and A = (A^)^^ we get that the maps 
Wi -^Zi xz„xZo {Wo X Wo) 

and 

M ^ N xzoxzo (WoxWo) 
are trivial Kan fibration. □ 

Corollary 5.2.9. Let f : W — Z be a fully-faithful marked fibration. Let 
X be a marked semi-simplicial space and g : X — > Z a map. Then every lift 
go : Xo — y Wo of go extends to aliftg-.X — > W of g. 

We finish this subsection with an application we frame for future use: 

Lemma 5.2.10. Let f : X — >■ W be a map of marked semi-simplicial spaces 
such that 

1. X is quasi-unital. 

2. W is marked- fibrant. 

3. The square 

X s-coskJ(Xo) 



W ^cosk(j'(W^o) 

is a homotopy pullback square. 
4. The map fo : Xo — > Wo is surjective on connected components. 
Then W is quasi-unital and f is a DK-equivalence. 

Proof. We start by showing that ly is a marked semiSegal space. Let / : Y 
Z he a map in S. We need to show that the map 

Map+ {Z, W) — > Map+ {Y, W) 

is a weak equivalence. Note that in all cases the O'th level map 

fa ■ Yo — > Zo 
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is an isomorphism. Hence from (3) we get that the square 
Map+ {Z, X) ^ Map+ (Z, W) 



Map+(y, X) ^ Map+ {Y, W) 

is a homotopy pullback square. Furthermore both vertical maps are Kan fibra- 
tions. We wish to show that the right vertical fibration is trivial. Since X is 
a marked semiSegal space the left vertical Kan fibration is trivial. Now since 
Kan fibrations are trivial if and only if all their fibers are contractible it will 
be enough to show that the lower horizontal map is surjective on connected 
components. For this it will be enough to show that the map 

Maps(>o, ^o) = Map+ {Y, cosk+(Xo)) Map+ {Y, cosk+ (Wo)) = Mapg (Fo, W^o) 

is surjective on connected components. But this just follows from the fact that 
Yq is discrete and the map 

is surjective on components. This shows that is a marked semiSegal space. 
Now from (3) we then get that / is fully faithful. From (4) we get that for every 
object Wo e Wo there is a marked edge with source wq- From Remark [4.1.111 
we then see that W is quasi-unital. Using again (4) we get that / is a DK- 
equi valence. 

□ 



5.3 Quasi-unital Mapping Objects 

The purpose of this section is to show that the full subcategory QsS C is 
closed under taking mapping objects. More precisely, we will show that if W, Z 
are quasi-unital marked semiSegal spaces (Definition 15.0.15")) then the marked 
mapping object is quasi-unital as well. 

We begin with the following auxiliary proposition: 

Proposition 5.3.1. Let W be a quasi-unital marked semiSegal space and let 
Id € ^W^^ denote the object corresponding to the identity. Then there exists 

a quasi-unit H : Id — > Id in the marked semi-groupoid . 

Proof. Since is a marked semi-groupoid we get from Corollarv 14.1.111 that 
it will be enough to find an edge 

such that do = Id e (w^^ . From the definition of we see that this edge 
corresponds to a map 

h ■.W(g){A^f — > W 
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such that h\ 



} = Id. Consider the restriction map 



A' 



W 



induced by the inclusions A'^^'^ ^ i'^^Y ■ Using the exponential law we see that 
the existence of h as above corresponds to a map 



g:W 



such that p o g ^ Id. In other words, we want to show that the map p admits 
a section. In light of Corollary 15 . 2 .91 we see that it will be enough to prove the 
following: 



1. The map p is fully- faithful. 

2. The 0-level map 

Po : W^o ^ ' = Wr Wo 
admits a section. 

The first assertion is contained in the following lemma: 
Lemma 5.3.2. Let W be a marked semiSegal space. Let 

p' : W'^^'y — ^ W 

he the restriction along the inclusion A'^''' ^ (A^)". Then p"^ is fully-faithful. 

Proof. In light of Rcmark l5.2.2l and using the fact that the functor {•Y^ takes 
pushout squares to pullback squares we see that the statement of the lemma is 
equivalent to the claim that the maps 



and 



[Ai)" X (aAi) 



[Ai)" X (aAi) 



AO) x(aAi)^ 



u 

A{'} x(aAi)« 



A^*> X fA^^ 



A« X (Ai)^ 



(Ai)»®(Ai)" 



fA^l 



(Ai)« 



are trivial MS-cofibration. Now for the first map the right hand side can be 
obtained from the left hand side by performing two pushouts along admissible 
horn inclusions of dimension 2. In the second map one needs to perform in 
addition a triangle remarking (see Definition 15.1. lip . □ 

It is now left to prove the existence of a section on the O'th level. Let 

wr' = {/ e wr\do{f) = d,{f)} c wr 
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be the be the subspace of self equivalences. We have a commutative diagram 

y^raut ^ ^inv 




where d is the map induced by do (or di). Hence it will be enough to prove that 
d admits a section. Note that both ly^'"' and Wl'^^ only concern invertible maps. 
In particular for this purpose we could have replaced W with W. Hence the 
statement will follow from the following statement regarding semi-groupoids: 

Lemma 5.3.3. Let X be a quasi-unital semi-groupoid. Then the map 

d : X^^"' Xo 

as above admits a section. 



Proof. Consider the Kan replacement \X\ of the realization of X. Let \X\ 
the space of continuous paths 



be 



and let p : 
diagram 



j:S'^\X\ 

\X\ be the map ^(7) = 7(1). Consider the commutative 



da 



Xn 



\X\ 



\x\ 



By Theorem 14 . 3 . 51 we get that for each x G Xq the above square induces a weak 
equivalence from the fiber on the left hand side 

d^^{x) = Mapj^(a;,x) 

to the fiber on the right hand side 

p'\x)^n(\x\,x 

Since the vertical maps are fibrations (the map d is obtained by pulling the 
fibration do x di : Xi — > Xq x Xq along the diagonal) this square is a homotopy 
puUback square. Now since the map 



\X\ 



\X\ 



admits a section (given by choosing for each x the constant map at x) we get 
that the fibration 

d : XJ'"' — ^ Xa 

admits a section as well. □ 
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This finishes the proof of Proposition 15.3.11 



□ 



Corollary 5.3.4. Let W be a quasi-unital semiSegal space and X a marked 
semi-simplicial space. Then is quasi-unital. 

Proof. Since the object Id S (M^^)o admits a c^uasi-unit it foUows that there is 
a map of semiSegal spaces 

u:W — y Wi^^^y 
which is a section to the restriction map 

wi^'Y wi^") = w 

Then the operation f ^ u o f determines a map of semiSegal spaces 
which is a section of the restriction map 

This shows that every object in has a marked edge out of it and so the 
underlying semiSegal spaces of is quasi-unital. In fact, one sees that for 
each object / e (l^"^)o there exists a quasi-unit Rf G from f to f 

which is marked. 

It is left to show that all the invcrtible edges of W-^ are marked. Let xq 6 Xq 
be a point. The evaluation map 

ev,„ :W'' —^W 

sends marked edges to marked edges. From the above considerations we see 
that for each object / G (W^)^ there is at least one quasi-unit which is sent 
to a marked (and hence invertible) edge of W. This means that eva;„ sends all 
quasi-unit to invertible maps in W. By remark [5.0.131 we get that eva;^ sends 
invertible edges to invertible edges. Since W is quasi-unital all its invertible 
edges are marked, so ev^o sends all invertible edges to marked edges. Since this 
is true for every xq G Xq it follows from the definition of the marking on VF^ 
that each invertible edge in is marked. 

□ 

Corollary 5.3.5. Let W be a quasi-unital semiSegal space and X a marked 
semi-simplicial space. Then is a quasi-unital marked semi-groupoid which 
is the maximal semi-groupoid contained in . 

Proof. Follows directly from Remark 15.1.141 □ 
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5.4 DK-anodynes 



In this subsection we will use results from the previous subsections in order 
to introduce and study an auxiliary notion called DK-anodynes. This will 
be used in § [HI in order to study the localization of QsS with respect to DK- 
equivalences. 

We begin with the basic definitions: 

Definition 5.4.1. Let / : W — > Z he a marked fibration of marked scmiSegal 
spaces. We will say that / is relatively marked it satisfies the right lifting 
property with respect to the maps A^"^ ^ {^^Y ^^^'^ A^^^ ^ (^^)'*- 

Definition 5.4.2. We will say that a marked cofibration g : X — > y of marked 
semi-simplicial spaces is a DK-anodyne if it satisfies the left lifting property 
with respect to all relatively marked maps. 

Example 5.4.3. Any trivial MS-cofibration is a DK-anodyne. 
Example 5.4.4. The maps A^°> ^ (A^)" and A^^^ ^ (A^)" are DK-anodynes. 
The main motivation for studying DK-anodynes is the following: 

Lemma 5.4.5. Let g : X — Y he a DK-anodyne and let W he a quasi-unital 
marked semiSegal space. Then the induced map 

g* 

is a DK-equivalence. 

Proof. First since g is a DK-anodyne we get that the map 

is surjective. Hence it will be enough to show that g* is fully-faithful. Let 
i = 0,1 and consider the inclusion A^^^ C (A^)". From Lemma [5.3.21 we get 
that the marked fibration 

f : wi^^y W^'" = W 

is fully-faithful. Unwinding the definitions this implies that any diagram of the 
form 

A« >-wi^'y 



Ai 



has a Kan contractible space of lifts. In other words if we denote 



T — 



OA'] 



(aAi)^i»|aA" 
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then for each to > the map 

is relatively marked, and hence satisfies the right lifting property with respect 
to g. This in turn implies that the diagram 

X — ^wi^'y 

9 

has a Kan contractible space of lifts which means that 
is fully faithful. 

□ 

Remark 5.4.6. The property of being a DK-anodyne is invariant under pushouts, 
i.e. if we have a pushout square 

X 



z 

of marked semi-simplicial spaces such that the upper horizontal map is a DK- 
anodyne then the lower horizontal one is a DK-anodyne as well. 

Our main interest is to show that the following types of maps are DK- 
anodynes. Let / : [m] — > [n] be a surjective map in A and let h : [n] — > [m] be 
a section of /. Let M C (Sp„)i be a marking on the n-spine and let M C (A")i 
be the marking generated from it, i.e. the smallest set containing M which is 
closed under 2-out-of-3. We first observe the following: 

Lemma 5.4.7. The inclusion 

i:(Sp„,M)'^ (a",m) 

is a trivial MS-cofibration. 
Proof. Factor l as 

(Sp„,Af)4(A",Af)=^ (a",m) 

Then l' is a pushout along the trivial MS-cofibration Sp^j (A")^ and l" is a 
triangle remarking (Definition 15.1. lip . □ 
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Now let Mf C (Sp™)]^ be the set of all pairs + 1} such that either 
f{i) = f(i + 1) or A^/W'^(*+i)> is in M and let Mf C (A")i be the marking 
generated from it. Our purpose is to prove that the map 

h : (a™,m) — > (a",M/) 

is a DK-anodyne. Note that when M contains all edges one obtains a map of 
the form 

(A")" (A™)" 

and when M is empty one obtains the inclusion 

(A")^ (A")^ 
which was considered in §§§ 12.2.31 
Proposition 5.4.8. In the notation above, the map 

is a DK-anodyne. 

Proof. For each i = 0, ...,n let Si C A™ be the 1-dimensional sub semi-simplicial 
set containing all the vertices all the edges of the form A^-''-'+^^ such that 

/(.?) = /(.? + 1) = * 

The clearly the inclusion 

is a DK-anodyne. Let S C A™ be the (disjoint) union of all the 5i's. 

Let hi, /i2 be two sections of /. We will define the sub marked semi-simplicial 
set T(/ii,/i2) C (^A"\M/j to be the (not necessarily disjoint) union of 5'* C 

(A"',Mf^ in and aU edges of the form A^''i(*)'''=(*+i)> for i = 0, n, i.e. 
T{hi,h2)= ^S'|jA^''i('')^''^(*+i)>,ivj C (a'",M/) 

where A'' is the marking induced from Mf, i.e. A'' contains all the edges of 
S and the edges A{hl{^),h2i^+l)} for which A^^'*+i> is in M. Note that when 
hi — h2 — h we have 

T{h,h)^S^ H {h{SpJ,h{M)) 

AOx{0,...,m} 
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Let P be the pushout in the square 

(Sp„,M) ^T{h,h) 



Note that P embeds naturaly in ^A™, Mf^ . 

Since the inchision A" x {0, ...,m} C 5Ms a DK-anodyne we get that the 
top horizontal row is a DK-anodyne, and so the bottom horizontal row is a 
DK-anodyne. Since the left vertical map is a trivial MS-cofibration we get that 
the right vertical map is a trivial MS-cofibration. 

In order to finish the proof it will be enough to show that the map 

T{h,h)^(^A"^,Mf) 
is a trivial MS-cofibration. This will imply that the map 

P ^ (a™,M/) 
is a trivial MS-cofibration and so that the composition 

(a", A?) P (a™, M/) 

is a DK-anodyne. 

Now in order to prove that the map 

T{h,h) [a"\Mj) 

is a trivial MS-cofibration it will be easier allow for the sections hi, /12 to vary. 
More precisely, we will prove the following: 

Lemma 5.4.9. For every two sections ft.1,/12 of f the inclusion 

T{hiM) c (a™,M/) 

is a trivial MS-cofibration. 

Proof. We begin by arguing that that it is enough to prove the lemma for 
just one pair of sections /ii,/i2. We say that two pairs (/ii, ft,2), (^17 ^2) are 
neighbours if 

n 

Y,\hi{^)-h[{{)\ + \h2{i)-h'S)\ = l 

1=0 

It is not hard to see that the resulting neighbouring graph is connected - i.e. we 
can get from any pair (hi, /12) to any other pair {h[, h'^) hy a sequence of pairs 
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such that each consecutive couple of pairs are neighbours. Hence it is enough 
to show that property of 

T{hi,h2) C (a™,M/) 

being a trivial MS-cofibration respects the neighbourhood relation. To see why 
this is true observe that if {hi, /12) and {hi, h'2) are neighbours then one can add 
to T{hi,h2) a single triangle a C A"* such that 

R = T{hi,h2)Ua 

contains T{h'i, h'2) and such that R can be obtained from either T{hi, ft,2), T{h[, h'2) 
by performing a pushout along a 2-dimensional admissible marked horn inclu- 
sion and possibly a remarking. Hence the claim for either T{hi, /i2) or T{h'i, h'2) 
is equivalent to 

being a trivial MS-cofibration. 

Now that wc know that it is enough to prove for a single choice of {hi, /12) 
let us choose the pair ft.max(i) = niax(/"^(i)) and /iinin(*) = niin(/~^(i)). Then 
we see that 

T(/lmax, /imin) = (Sp„,M/) 

and the map 

(Sp„,M;)-^ (A",My) 
is a trivial MS-cofibration from Lemma [5.4.71 □ 

□ 

5.5 Categorical Equivalences 

In this section we will use the quasi-unital mapping objects constructed in the 
previous section in order to define a quasi-unital analogue of the notion of cat- 
egorical equivalences (see jRezj ) . The main results of this section is Theo- 
rem [533] and CoroUarv 15.5.61 which will be used in §[5] in order to localize QsS 
with respect to DK-equivalences. 
We start with the basic definition: 

Definition 5.5.1. Let / : X — > F be a map of quasi-unital marked semiSegal 
spaces. We will say that / is a categorical equivalence if there exists a map 
g : Y — > X such that f o g is equivalent to the identity in the marked semi- 
groupoid and go f is equivalent to the identity in the marked semi-groupoid 
X^. 

Example 5.5.2. Every levelwise equivalence / : X — > y is a categorical equiva- 
lence: since X, Y are marked-fibrant / admits a liomotopy inverse g : Y — > X 
so that the compositions fog and g o f are in the same connected component 
of the identity in Y^ and respectively. Since these marked semi-groupoids 
are quasi-unital the result follows from Lemma 14.2.81 
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Next we study some basic properties of categorical equivalences: 

Proposition 5.5.3. Let f : X — > Y be a categorical equivalence between 
quasi-unital marked semiSegal spaces. Then f is a DK- equivalence. 

Proof. Let g : Y — > X be a homotopy inverse. By Lemma [4.2.121 it is enough 

to show that both fog and .go / are DK-equivalences. Let h : X — > X^ ' 
be a homotopy from the identity to .go/. 
Now let 

p^-.xi'^'y ^x^" =x 

be the restriction map. Since p° o /i = Id is a DK-equivalence and p° is a 
DK-equivalence (since it is a restriction along a DK-anodync) we get from 
Lemma 14.2.121 that h \s a. DK-equivalence. Since is a DK-equivalence as 
well we get that p^ o h ~ g o f is a. DK-equivalence. A similar argument works 
for fog. □ 

Proposition 5.5.4. Let Z be a marked semiSegal space and f : X — > Y 
a categorical equivalence of quasi-unital marked semiSegal spaces. Then the 
induced maps 

f* : — > 

is a categorical equivalence. 

Proof. By definition there exists a map g : Y — >■ X and homotopies 

G: (A^)" 

from the compositions g o f and f o g to the respective identities. Now we have 
the composition 

(A^)" ® Z^ — > X^ ®Z^ — > Z^ 
gives a homotopy from the identity to /* o g* and the composition 

gives a homotopy from the identity to g* of*. □ 

We now come to the main result of this subsection: 

Theorem 5.5.5. Let f : X — > Y be a DK-equivalence between quasi-unital 
marked semiSegal spaces. Assume further that the map /o : Xq — Yq admits 
section. Then f is a categorical equivalence. 

Proof. Since we can factor f = q o p where p is a levelwise weak equivalence 
(and hence in particular a categorical equivalence in view of Example 1 5. 5. 2 [) and 
g is a fully-faithful marked fibration we can assume without loss of generality 
that / is a marked fibration. 
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Now from our assumptions we get that /o : Xq — 5- Yq admits a section 
go : Yq — !■ Xq. Since / is a fully- faithful marked fibration we get from Corol- 
lary 15.2.91 that we can extend go to a section 

g:Y — > X 

of /. Wc claim that 5 is a homotopy inverse of /. On one direction the com- 
position f o g is the identity. We need to show that 9 o / is equivalent to the 
identity in the marked semi-groupoid X^ . 

Since the object Id S {Y^)o admits a quasi- unit it follows that there is a 
map of marked semiSegal spaces 

u:Y(E){A^y ^Y 

such that 

u\YS)Ai'>i = "ly^Ati} = Id 
Composing with (/ ® Id) we get a map 

h^uo{f®Id):X® (A^)" — ^ Y 

Which gives an equivalence from / to itself in Y^ . 
Now we want to find a lift 

X 

V' f 

so that h will give an equivalence from the identity to g o / in X^ . Using again 
Corollarv 15.2.91 it is enough to lift h on the O'th level. Now 

and ho maps both copies of Xq to Yq via the map /q. Hence we can lift ho to a 
map 

ho ■ Xo Xo — > Xo 

by sending the first copy of Xo via the identity and the second via go o /g (using 
the fact that fo°go°fo — fo)- Then ho extends to the desired h and we are 
done. □ 

In particular, Theorem l5.5.5l gives us the following strengthening of Lemma l5.4.5l 

Corollary 5.5.6. Let J : X ^Y he a DK-anodyne and let W he a quasi-unital 
marked semiSegal space. Then the map 

f* -.W^ — > 

is a categorical equivalence. 
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Proof. From Lemma [5.4.51 we know that /* is a DK-equivalence. Hence Theo- 
rem [533] tells us that it will be enough to show that the 0- level map 



admits a section. Let K = (W^) = Map+(X, W). Then we have a canonical 



'0 

map 

Since can be identified with the mapping object W^^'^ we get that 
is quasi-unital. Hence /k admits an extension 



Y 

Applying the exponential law we get a lift in the diagram 



K = {W^ 

as desired. □ 

6 Complete SemiSegal Spaces 

In this section we will introduce the c»-category of complete semiSegal spaces 
and show that it serves as a model for the localization of QsS by DK-equivalences. 
The notion of completeness, the construction of the completion functor and 
many of the related proofs are the scmi-simplicial variations of their respective 
analogues in [Rezj . 

Definition 6.0.7. Let X be a semiSegal space. We will say that X is complete 

if the restricted maps dp : X™^ — > Xq and di : — > Xq are both homotopy 
equivalences. 

Remark 6.0.8. According to Remark [4.3. II we get that X is complete if and only 
if the maximal oo-groupoid of X is homotopy-constant. In particular, in this 
case the maps 

do, di : X"" — > Xq 
will automatically be homotopic to each other in the Kan model structure. 



76 



An important observation is that any complete semiSegal space is quasi- 
unital: since the map — > Xq is a trivial fibration every object x G Xq 
admits an invertible morphism of the form / : x — > y for some y. Form 
Corollarv 14. 1 . 1 II one then gets that x admits a quasi- unit. 

Let CsS C QsS denote the full topological subcategory spanned by complete 
semiScgal spaces. We will show in the following sections that the topological cat- 
egory CsS can serve as a model for the localization of QsS by DK-equi valences. 
Formally speaking (see Definition 5.2.7.2 and Proposition 5.2.7.12 of |Lur2| ) this 
means that there exists a functor 

^ : QsS ^ CsS 

such that: 

1. • is homotopy left adjoint to the inclusion CsS C QsS. 

2. A map in QsS is a DK-equivalence if and only if its image under • is a 
homotopy equivalence. 

The functor • will be called the completion functor. In order to define 
and study this functor it will be useful to work in the setting of marked semi- 
simplicial spaces. 

Definition 6.0.9. Let W be marked semiSegal space. We will say that W is 
complete if there exists a complete semiSegal space X such that W = XK 

Remark 6.0.10. Via the functor W i— ;> VF" wc can identify CsS with the full 
subcategory of S.^." spanned by complete marked semiSegal spaces. 

Remark 6.0.11. If is a complete marked semiSegal space then so is W. 

Before we proceed to construct the completion functor let us start by proving 
two basic results concerning complete marked semiSegal spaces. First we show 
that the subcategory of complete marked semiSegal admits internal mapping 
objects. In fact, we show something slightly stronger: 

Proposition 6.0.12. Let X be a marked semi-simplicial space and W a com- 
plete marked semiSegal space. Then (and hence also ) are complete. 
In particular, is a homotopy- constant marked semi-simplicial space. 

Proof. For i — Q,l consider the restriction map 

Since W is complete we get by definition that the maps 

p^: (l^(^')")^— >W^o 
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are weak equivalences. By Proposition 15. 3. 21 we get that is also fully- faithful 
and hence a marked equivalence. Using the exponential law this implies that 
the restriction map 

Map+ (^X ® (A^)" , — > Map+ (^X A^'\W^ 

is a weak equivalence. This means that the maps 

are weak equivalences and so W-^ is complete. □ 

Next we show the notion of DK-cquivalcncc in CsS coincides with homotopy 
equivalence: 

Proposition 6.0.13. Let f : X — > Y be a DK- equivalence between complete 
marked semiSegal spaces. Then f is has a homotopy inverse. 

Proof. Since X, Y are Reedy fibrant it is enough to show that / is a levelwise 
equivalence. Now since / is a DK-equivalence it will be enough to show that 
the map 

.fo ■ Xq — > Yq 

is a weak equivalence. Since X, Y arc quasi-unital it will be enough to show 
that the map ^ 

f-X-^Y 

of maximal sub-groupoids is a levelwise equivalence. But since X, Y are com- 
plete these semi-groupoids are homotopy-constant and so it will be enough to 
show that the map 



X 



Y 



is a weak equivalence. The result now follows from Theorem 14.3.101 once one 
observe that if / is DK-cquivalence then / is a DK-cquivalencc as well. □ 



The remainder of this section is organized as follows. In §§ 16.11 we will 
construct the completion functor 

^ : QsS — ^ CsS 

and show that it satisfies properties (1) and (2) above. In ij§ 16.21 wc will show 
that the topological category CsS is equivalent to the category of complete 
Segal spaces. 
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6.1 Completion 

In this section we will construct the completion functor 

a : QsS — ^ CsS 

and show that it serves as a left localization functor with respect to DK- 
equivalences. More precisely, we show that • is homotopy left adjoint to the 
full inclusion CsS ^ QsS and that a map in QsS is a DK-equivalence if and 
only if its image under • is a homotopy equivalence. 

Let X be a quasi-unital marked semiSegal space. Consider the bi-semi- 
simplicial spaces X,^,,Y,^, : A°p x A°p — > § given by 

X„,„ = Map+ ((A")'®(A™)«,X) 

and 

y„,,„=Map((A")«®(A™)«,X) 
Remark 6.1.1. By definition we have 

In particular, X,^m is a marked semiSegal space and X„^,, Fn,*, i^.,m are marked 
semi-groupoids. 

We define the marked semi-simplicial space (X,M] by setting 



Xn — \Xn^,\ 

M^\Yi.,\ C 

We then define the completion X of X to be the marked fibrant replace- 
ment oi (^X,My 

Theorem 6.1.2. Let X be a quasi-unital marked semiSegal space. Then 

1. X is a complete marked semiSegal space. 

2. The natural map X — > X is a DK-equivalence. 

Proof. Let n > be an integer. From Proposition 15.4.81 we conclude that for 
each map / : [k\ — [m] in A^ the map 

/* '■ X,^rii — > X,^k 

is a DK-equivalence. From Corollary 15 .2 . 71 we then get that the induced square 

Xn.m ^ (^0,m) ^ 

/: (/o*)"+' 

Xn,k (-^^O.fe)"^"^ 
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is a homotopy pullback square. From Corollary 14.3.111 the natural map 

I vn+l I ,1-1^ 

1-^0,. I — ^ 1-^0,. 

is a weak equivalence and so Puppe's Theorem 14.3.61 implies that the square 

Xn,o ^ (-'^0,0)""''"'" 



1^0,. 



n+1 



is a homotopy pullback square. Observing that the marked subspace of Xi 
coincides with the preimage of |yi,,| Q we see that the square 



X 



■ cosk([ (Xq) 



X 



■ coskp I Xq 



is a homotopy pullback square of marked semi-simplicial space. This means 
that the square 

X ^ cosk([ (Xo) 



X 



■ coskrj ( Xq 



is again a homotopy pullback square of marked scmi-simplicial spaces. Since X 
is a marked fibrant we get from Lemma 15.2.101 that X is quasi-unital and the 
map X — > X is a DK-equivalence. 

It is left to show that X is complete. Since all the invertible edges in X are 
marked it will be enough to show that the maps doj 1^1 induce weak equivalences 
from the marked subspace of Xi to Xq. 

Now note that^in the marked semi-simplicial space X the marked subspace 
|Yi.,| C = Xi is a union of components. Since the same is true for X we 

get that the marked equivalence X — > X induces a weak equivalence on the 
marked subspaces. Hence it will be enough to show that the maps 



\do\Adi\ : 



\Yq., I — Xq 



are weak equivalences. But this follows from Theorem 14.3.101 since the maps 
dojdi : Yi,* — > Yq^, are DK-equivalences of marked semi-groupoids. 

□ 

We will now show that • is homotopy left adjoint to the inclusion functor 
CsS QsS. 
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Theorem 6.1.3. Let X he a quasi-unital marked semiSegal space and Z a 
complete marked semiSegal space. Then the natural map 

Map+ (^X, — > Map{X, Z) 

is a weak equivalence. 

Proof. The marked semi-simplicial space X is the homotopy cohmit of the As- 
diagram [m] n> ^..m- This means that 

Map+ (x, ~ hohmA, Map+ W) 

We wish to show that this homotopy hmit is actually taken over a homotopy 
constant diagram. From Proposition 15.4.81 we know that any map of the form 

/ : (A*^)" ^ (A™)" 
is a DK-anodyne. By Corollary 15. 5. 61 we then get that the map 

is a categorical equivalence. 

Now Proposition 15 . 5 .41 tells us that each of the induced maps 

/* : W^''"" — > W-^'-'' 

is a categorical equivalence. But by Proposition 16. 0.T^ the above mapping ob- 
jects are complete and so by Proposition I6.0.T51 the map 

Map+ (X.,,„, W) = (W^''—)^ (W^''-'')o = Map+ {X,m, W) 
is a weak equivalence. This implies that the restriction map 

Map+ {x, ~ hohniA, Map+ VF) — > Map+ (X.,o, W) 

is a weak equivalence as required. □ 

Next we show that the class of maps which are localized by • are exactly the 
DK-equi valence . 

Proposition 6.1.4. Let f : X — > Y be a map of quasi-unital marked semiSegal 
spaces. Then f is a DK-equivalence if and only if the induced map 

f,:X-^Y 

is an equivalence in CsS. 

Proof. From the second part of Theorem l6.1.2l we get that / is a DK-equivalence 
if and only if 

f.:X^Y 

is a DK-equivalence. Hence the result will follow from Proposition 16.0.1^ 

□ 
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6.2 Proof of the Main Theorem 



In this section we will finally address the main goal of this paper by showing 
that the topological category of complete marked semiSegal spaces is equiva- 
lent to the topological category of complete Segal spaces, which is one of 
the standard models for the oo-category of cx)-categories. We will denote the 
topological category of complete Segal spaces by CS. 
Recall the Quillcn adjunction 

RK+ 

described in §§§[2231 and let X e S"^"" be a Segal space. Then F+{X) will 
almost be a marked semiScgal space: the underlying scmi-simplicial space of 
F^{X) will indeed by a semiSegal space, but the marking of will not nec- 
essarily satisfy the requirement of the marked Segal condition. In fact, 
might not even be fibrant as a marked semi-simplicial space. However, this 
situation can be rectified in a canonical way. 
Define a functor 

as follows: for each simplicial space X consider 

F\X)^{FiX),A) 

where F{X) is the underlying scmi-simplicial space of X and A C F{X)i = Xi 
is the union of connected components which meet the image of sq : — ^ ■ 
Wc have a natural transformation 

F+(X) — > F\X) 

which is a marked equivalence. Furthermore when X is Reedy fibrant we will 
get that F^{X) is fibrant and so the map above can be considered as a canonical 
fibrant replacement of Note that the functor RK^ sends marked- fibrant 

objects to Reedy fibrant objects. In particular wc have the following observation 

Lemma 6.2.1. The functors F^ and RK^ induce an adjunction between the 
full topological subcategory spanned Reedy fibrant objects simplicial spaces and 
the full topological subcategory spanned by marked- fibrant objects. 

Proof. This basically boils down to the fact that if {X, A) is marked-fibrant then 
A is a union of connected components of Xi (see Lemma [22321) • ^ 

The situation is even a little bit better: 

Lemma 6.2.2. 1. If X is a Segal space then F^{X) is a marked semiSegal 
space. 

2. If in addition X is complete then F^{X) is complete as well. 
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Proof. Let us start with the first claim. If X is a Segal space then the underlying 
semi-simplicial space of F^{X) (which is just F{X)) is a semiSegal space. Now 
the marked edges of are in the same connected component as degenerate 

edges, and hence invertiblc. Furthermore the condition of being in the same 
connected component as a degenerate map is closed under 2-out-of-3. Hence 
F^{X) is a marked scmiScgal space. 

As for the second claim, we note that the restricted face maps maps d™^ , d™^ : 
X}"^ — > Xo are both left-inverses to the map s]^" : Xq — > X}"^ induced by 
the degeneracy sq- If ^ is complete then s™'^ is a weak equivalence which means 
that both do"^,(i']"^ are weak equivalences. To show that F\X) is complete it 
is left to check to all invertible edges are marked - but this is again immediate 
from the completeness oi X. □ 

Corollary 6.2.3. If X is a complete Segal space then 

F\X) = {F{X))^ 

From the above considerations wc obtain a functor 

i^^ : CS ^ CsS 

We can consider F^ as the forgetful functor which takes an oo-category and 
forgets the identity maps. 

The rest of this section is devoted to proving the following incarnation of 
our main theorem: 

Theorem 6.2.4. The functor 

: CS ^ CsS 

is an equivalence of oo- categories. 

Proof. Let X be a complete marked scmiSegal space and consider the counit 
map 

F^ (RK+ (X)) — y X 

The main ingredient of the proof of Theorem 16.2.41 is given by the following 
theorem: 

Theorem 6.2.5. Let X be a complete marked semiSegal space. Then the counit 
map 

vx ■■ (RK+ {X)) — > X 

is a marked equivalence. 

Proof. Wc will start with a lemma which will help us compute RK^ {X) more 
easily by replacing the indexing category C„ with a simpler subcategory. 

Lemma 6.2.6. Let ti > and consider the full subcategory C^j C C„ spanned by 
objects of the form f : [m] — > [n] such that f is surjective. Then the inclusion 
C° =-> C„ is cofinal. 



83 



Proof. We need to show that for every object X G C„ the category 

6° Xe„ Cn/A' 

is weakly contractible. Let X be the object corresponding to a morphism g : 
[k] — > [n]. The objects of the category 6° Xe„ Gn/x can be identified with 
commutative diagrams of the form 



[k] 




such that / is surjective and h is injective (and g remains fixed). A morphism 
^Ti Cn/x between two diagrams as above as a morphism of diagrams in the 
opposite direction which is the identity on [k] and [n]. A careful examination 
shows that the category 6" xe^ Gn/x is then in fact isomorphic to the product 

n 
i=0 

7^ then Ei has a terminal object and so is weakly contractible. 
= then £; = A°p is contractible as well. In fact, the category 
the inclusion 

A°P ^ A°P X A°P 

is cofinal. 

This finishes the proof of the lemma. 

□ 

In view of Remark 12.2.201 this means in particular that 
RK+ ~ holimeo g„ 
We now observe the following: 

Lemma 6.2.7. The category C'^ is weakly contractible. 

Proof. The category C° is isomorphic to (A°p)" (the isomorphism is given by 
sending a surjective map / : [m] — > [n] to the vector of linearly ordered sets 
(/~i(0), f-^in)) considered as an object of (A°p)"). This means that 6° is 
weakly contractible. □ 



such that 



When .9^1 (i) 
When g~^{i) 
A°P is sifted: 
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Now the claim that 

RK+ (X)„ X„ 

is a homotopy equivalence will follow from the following proposition: 

Proposition 6.2.8. Let X be a complete marked semiSegal space. Suppose we 
are given a diagram 

[k] [m] 





such that both /, g are surjective and h is injective. Then h induces an equiva- 
lence 

h*:Xi^ XI 

Proof. Since g is a surjective map between simplices it admits a section s : 
[n] — > [k] . One then obtain a sequence 

xi ^ XI A xl^ 

From the 2-out-of-3 rule we see that it will be enough to prove the lemma for 
k = n and g = Id. Note that in this case X]^ = Xn and we can consider ft, as a 
section of /. 

According to Proposition 15.4.81 we get that the map 

is a DK-equivalence. By Propositions 16.0.1^ and IB. 0.131 this map is a levelwise 
equivalence. Evaluating at level we get the desired result. □ 

This finishes the proof of Theorem 16.2.51 □ 

Corollary 6.2.9. Let X be a complete marked semiSegal space. Then RK+(X) 
is a complete Segal space. 

Proof. First since X is fibrant as a marked semi-simplicial space we get that 
RK+(X) is Reedy fibrant. bmce 

(RK+ {X)) ~ X 

we get that RK"*" [X) satisfies the Segal condition and hence is a Segal space. 
Furthermore we get that 

RK+ (X)f'' ~ Xj'" 

and in particular the map 

do : RK+ (X)'"" RK+ 

is a weak equivalence. Since sq is a section of do we get that so is a weak 
equivalence and hence RK^ [X) is a complete Segal space. □ 
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Now let 

G : CsS — ^ CS 

be the functor induced by the restriction of RK''^. Then by LGmnia l6.2.1l we see 
that G is the right adjoint of the forgetful functor 

: CS CsS 

Now let F be a complete Segal space and consider the unit of the adjunction 
UY -.Y ^ G{F^ {Y)) 

Since the composition 

F\y) ^^"^ (G{f\Y))) F\Y) 

is the identity and since the latter map is an levelwise equivalence by Theo- 
rem [5^211] we get that F^{uy) is a levelwise equivalence. This means that uy 
is a levelwise equivalence. Combining this with Theorem 16.2.51 we sec that the 
adjunction (F'', G) is in fact an equivalence of oo-categories. 

This finishes the proof of Theorem 16.2.41 □ 

We finish this section with a nice application of Theorem 16.2.41 Let 

F : §^°' ^ §^°' 

be the forgetful functor. Given a quasi-unital semiSegal space X £ § = one can 
ask whether there exists a Segal space Y such that F{Y) is levelwise 

equivalent to X. Note that if such a Y exists then it is unique up to a levelwise 
equivalence. The following proposition gives a positive answer to this question: 

Proposition 6.2.10. Let X be a quasi-unital semiSegal space. Then RK^ i,-^^^ 
is a Segal space and the natural map 

c : F (RK+ (X)) — > X 

is a levelwise equivalence. In other words, every quasi-unital semiSegal can 
be promoted to a Segal space in an essentially unique way. 

Proof. Let W he a complete semiSegal space such that = X^ so that we 
have a DK-equi valence / : X — > W. Then 

X^ ^cosk+(Xo) 



^cosk+(VFo) 

is a homotopy pullback square in which the lower horizontal map is a marked 
fibration. Since the functor RK"*" is a right Quillen functor it preserves pullback 
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squares, marked fibrations and marked equivalences between marked- fibrant 
objects. This means that the square 

RK+ {X^) ^ RK+ (cosk+(Xo)) 



RK+ {W^) ^ RK+ (cosk([(Wo)) 

is a homotopy pullback square in the Reedy model structure on simplicial spaces. 
From the uniqueness of right adjoints we get that RK"*" o coskg" = cosko is the 
right adjoint to the functor (•)o : S'^ ^ — > S, i.e. the familiar coskeleton 
functor. Hence we obtain a homotopy pullback square 

RK+ {X^) cosko (Xo) 



RK+ {W^) ^ cosko(W^o) 

From Corollary 16.2.91 we know that RK"'' {W^^ is a complete Segal space, and 
it is easy to show that coskg (Xq) and coskg (Wq) are Segal spaces. Now since 
RK+ {X^) is Reedy fibrant and the map 

RK+ {X^) RK+ (W^^) y.,os^,(Wo) cosko(Xo) 

is a levelwise equivalence it follows that RK''' (^'') is a Segal space. Furthermore 
smce RK+ (VF^)p ~ Wo by Theorem EXS] we can deduce that the map 

co:^^(RK+ (X^))q-^Xo 

is a weak equivalence. Hence the desired result will be established once we show 
that c is fully-faithful. 

Since the forgetful functor F preserves pullback squares. Reedy fibrations 
and levelwise equivalences we get that the square 

F (RK+ {X^)) ^ F (cosko (Xo)) 



F{RK+ {W^)) (cosko (Wo)) 

is a homotopy pullback square in the Reedy model structure on semi-simplicial 
spaces. This implies that the map 

F (RK+ {X^)) — ^ F (RK+ (W^)) 
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is fully-faithful. Now consider the diagram 



F (RK+ (X^)) ^ F (RK+ (W^)) 



X 

Since the horizontal maps are fully-faithful and the right vertical map is a lev- 
elwisc equivalence by virtue of Theorem 16.2.51 we get that c is fully-faithful as 
required. □ 
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